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PREFACE. 



PoFULAB Educatioit, and the increased study of Mathe- 
matics, as the proper foundation of all useful knowledge, 
seem to call especially for Elementary Treatises on Geome- 
try, as has been evinced in the favorable reception of the 
first edition of this work within a few months of the date of 
its publication. A few changes have been made in the 
present edition, which, it is hoped, will contribute to the use- 
ftdness of the work as a book for elementary instruction. 

The author acknowledges with pleasure the valuable aid 
he has received firom some of the most experienced and 
distinguished instructors ; and is, in this respect, particularly 
indebted to the kindness of Messrs. £. Bailet, Georoe R 
Emerson, and Miss Elizabeth P. Peabodt, of Boston, at 
whose suggestion several demonstrations have been simpli- 
fied, in order to adapt the work to the capacity of early 
beginners. 

As regards the use of it in schools and seminaries, the 
teacher will find sufficient directions in the remarks inserted 
in the body of the work. 

The Problejds, of which the third and fourth parts are 
principally selected firom those of Meier Hirsch, form a 
section by themselves, in order to be more easily referred ta 

1* 
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The teacher may, according to hia own judgment, use as 
many of them at the end of each section, as may be solved 
by the principles the pupils have become acquainted with. 

Boston, SeptemberSO^ I8fl0. 



PBEFACE TO THE STEREOTYPE EDTnOH* 

The present stereotype edition differs from the previous 
ones only in the typographical arrangement, to meet the 
view of the publishers, whose intention it is to reduce its 
price, in order to bring it within the reach of common schools 
throughout the Union. 

F.J. a 

BosTOiv, March 27, 1833. 
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GEOMETRY. 



INTAODUGTION. 

If, without regarding the qualities of bodies, viz : 
their smoothness, roughness, color, compactness, tenacity, 
Slc, we merely consider the space which they JiU — their 
extension in space — they become the special subject of 
mathematical investigation, and the science which treats 
of them, is cdHlled Geometry :. 

The extensions of bodies are called dimensions. Every 
body has three dimensions, viz : length^ hreadth^ and 
depth. Of a wall or a house, for ini^ance, you can form 
no idea, without conceiving it to extend in length, breadth, 
and depth ; and the same is the case with every other 
body you can think of/ 

The limits or confines of bodies are called surfaces 
(superfic^s), and may be considered independently of the 
bodies themselves. So you may look at the front of a 
house, and inquire how long and how high is that hottse, 
without regarding its depth; or you may consider the 
length and l^eadth of a field, without asking how deep it 
goes into the ground, dz^c. In all such cases, you merely 
consider two dimensions. A surface is, therefore, defined 
to he an extension in length and breadth mthout d^th. 
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The limits or edges of surfaces are called Unes, and 
may again be considered independently of the surfaces 
themselves. You may ask, for instance, how long is the 
front of such a house, without regarding its height ; or 
how far is it from Boston to Roxbury, without inquiring 
how broizd is the road. Here, you consider evidently 
only one dimension ; and a line, therefore^ is defined to 
be an extension in length toiihout breadth or depth. 

The beginning and end of lines are called points. 
They merely mark the positions of lines, and can, there- 
fore, of themselves, have no magnitude. To give an 
example : when you set out from Boston to Roxbury, you 
may indicate the place you start from, which you may 
call the point of starting. If this chances to be Marl- 
borough Hotel, you do not ask how long, or broad, or 
deep that place is ; it suffices for you to know the spot 
where you begin your journey. A point is, therefore, 
defined to be mere position, vnthout either length or 
breadth. 

Remark, A point is r^esented on paper or on a 
board, by a small dot. A line is dnwm on paper with a 
pointed lead pencil or pen ; and on the board, with a 
thin mark made with chalk. The extensions of sur- 
faces are indicated by lines ; and bodies are represented 
on paper or on the board, according to the rules of 
perspective. 

Before we begin the study of Geometry, it is neces- 
sary, first, to acquaint ourselves with the meaning of some 
terms, which are frequently made use of in books treating 
on that science. 
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Definitions. 

A Une is called straight^ when every part of it lies in 
the same direction^ thus. 



Any line in which no part is straight^ is called a curtt 
line. 




A geometrical plane is a surface, in which two points 
being taken at pleasure, the straight line joining them 
lies entirely in that surface.* A surface in which no 
part is planC) is called a curved surface. Any plane sur- 
face, terminated by lines, is called a geometrical Jigure, 

The simplest rectilinear figure, terminated by three 
straight lines, is called a triangle. 

A geometrical figure, terminated by four straight lines, 
is called a quadrilateral — by 5, a pentagon — ^by 6, a hexct' 
gon — ^by 7, a heptagon — ^by 8, an octagon, dw. 

Any geometrical figure, terminated by more than three 
straight lines, is (by some authors) called dipolygon.i 

When two straight lines meet, they form an angle ; the 
point at which they meet is called the vertex, and the 
lines themselves are called the legs of the angle. When 
a straight line meets another, so as to make the two 
adjacent angles equal, the angles are called right an- < 

* The teacher can give an illustration of this definition, by taking 
anywhere on a piece of pasteboard, two points and joining them 
by a piece of stiff wire. Then, by bending the board, the wire, 
which represents the line, will be off the board, and you have a 
carved surface ; and by stretching the board, so as to make the 
wire fall upon it, you have a plane. 

t Legendre calls all geometrical fig^ures poly^ns* ^ ^^ 



n 



QGGUAVKX, 



gles, and the lines are said to be perpendicular to each 
other. 



Any angjie smaller than a right angle is called ticuie. 




and when greater than a right angle, an obtuse angle.* 



Two lines which, lying in the same plane, and how- 
ever far extended in both directions, never meet, are said 
to be parallel to each other. 




When two lines, situated in the same plane, are not par- 
allel, they are either converging or diverging. Two lines 
are said to be converging, if, when extended in the direc- 
tion we consider, they grow nearer each other; and 
diverging, if the reverse takes place. 



Converging. 



Diveiging. 



* Angles are measured by arcs of circles, described with any 
radius between their legs. Here the teacher may state, that the 
circle is divided into 860 equal parts, called degrees ; each degree, 
agaiii, into 60 equal parts, called minutes ; a minute, again, sub- 
divided into 60 equal parts, called seconds, &c. ; and that the 
magnitude of an angle can thus be expressed in degrees, minutes, 
seconds, &c. of an arc of a circle, contained between its legs* 
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A triangle is called equilateral, when all its sides are 
equal. 




A triangle is called isosceles, when two of its sides only 
are equal. 




A triangle is called scalene, when none of its sides are 
equal. 




A triangle is also called right-angled, when it contains 
a right angle ; 




and oblique-angled, when it contains no right angle. 



A parallelogram is a quadrilateral whose opposite sides 
are parallel. 



A rectangle, or oblong, is a right-angled parallelogram. 
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A square ia a rectangle whose sides are all epnal. 



ArhotiUius < 
are all equal. 



lotenge, is a paraSelograni whose sides 



A trt^exoid is a quadrilateral in which two sides only 
are parallel. 



czn 



A straight line joining two vertices, which are not on 
the same side of a geometrical figure, is called a diagonal. 

The side which is opposite to the right angle, in a 
right-angled triangle, is called the Atfpothenuse. 

A circle is a surface terminated on all sides by a curve 
line returning into itself, all points of which are at an 
equal distance fiom one and the same point, called the 



The curve line itself is called the c: 
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part of it is called an arc. A stiraight line, drawn from 
the centre of a circle to any point of the circumferetice, 
is called & radius. A straight line, drawn fSeom one point 
of the circumference to the other, passing through the 
centre, is called a diameter. A straight line, joining any 
two points of the circumference, without passing through 
the centre, is called a chard. 

The plane surface included within an arc of a circle 
and the chord on which it stands is called a segment. 

The arc of a circle which stands on a diameter is 
called a semi-circumference. The plane surface included 
within a semi^curcumftrence and a diameter is caOed a 
tem%<ircU. 




The plane^ surface included within two radii and an 
arc of a circle is called a sector. (See the figure, page 
14.) If the two radii are perpendicular to each other, 
the sector is called a quadraM. 

A straight line, which, drawn without the circle, and 
however far extended in both directions, meets the cir- 
cumference only in one point, is called a tangent. 

QUESTIONS ON DEFINITIONS. 

What is that science called, whidi treats of the exten- 
sions of bodies, considered separately from all their other 
qualities ? 

What are the extensions of bodies called ? 

What are the limits ot confines of bq^es called f 

How do you define a surface ? 
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What are the limits of surfaces called 1 

How do you define a line ? 

What are the beginning and end of lines called T 

How do you define a point ? 

How is a geometrical point represented? 

How is a line represented ? How a surface ? 

How do you define a straight line ? 

What do you call a line in which no part is straight ? 

What is that surface called, in which, when two points 
are taken at pleasure, the straight line joining them lies 
entirely in it ? 

What do you call a surface in which no part is plane ? 

What is a plane surface called when terminated bylines? 

By how many straight lines is the simplest rectilinear 
figure terminated ? 

What do you call it ? 

What do you call a geometrical figure terminated by 
four straight lines ? 

What, if terminated by five straight lines 1 

What, if by six ? By seven ? By eight ? 

What are all geometrical figures terminated by more 
than three straight lines called ? 

Wheii two straight lines meet, what do they form ? 

Whdt is the point where the lines meet called ? 

What do you call the lines which form the angle ? 

If one straight line meets another, so as to make the 
two adjacent angles equal, what do you call these angles ? 

What are the lines themselves said to be ? 

What is an angle which is smaller than a right angle 
called? 

What an angle larger than a right angle ? 

What do you call two lines, which, situated in the 
same plane, and however far extended both wavs never 
meet? ~ ~ .. 
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Mfhm are two lines said to be converging ? When^ 
diverging 1 

When a triiuigle bas all its sides equal, what is it 
called ? 

When two of its sides only are e^iial^ what? 

When none of its sides are equal, what? 

What is a triangle called, when it contains a right 
angle? 

What, if it does not contain one ? 

What is a quadrUateial, whose opposite sides are par- 
allel, called I 

What is a right-angled parallelogram eaUed ? 

What is aa oq^ateral .rectangle caJtod ? 

What, an equilateral parciflelogrm^ ? 

What, a quadrilateral in whioJbi two aides only are 
parallel? 

How is a circle terminated ? 

What is the Ui9fi <^ed which termiaales a cwdfi? 

What is any part of the eirotHiftfercin^e called? 

What, a straight line, drawn from the cenlDS, to ao^ 
point in the circumference ? 

What, a straight line joining tl9fO points of the wcum- 
ference, and passing through the centre ? 

What, a straight line, joining two points of the circutt-!* 
ference, without passing through the centre ? 

What is the plane surface, included within an arc and 
the chord which joins its two extremi^es, caUed ? 

What is that part of the circumference called, which is 
cut off by the diameter ? 

What, the plane surface within a semi-circamferencd 
ajod a diameter ? 

What, the surface within . an arc of a circle and the 
two radii drawn to its extremities ? 

2* 
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What is the sector called, if the two radii are perpen- 
dicular to each other 1 

What is the name of a straight line, drawn without the 
circle, which, extended both ways ever so far, touches 
the circumference only in one point 



NOTATION AND SIGNIFICATIONS. 

For the sake of shortening expressions, and thereby to 
facilitate language, mathematicians have agreed to adopt 
the following signs : 

= stands for equal ; e. g., the line AB =: CD means, 
that the line AB is equal to the line CD. 

-|- stands for pbis or more ; e. g,^ the lines AB -f- CD 
means, that the length of the line CD is to be added to 
the line AB. 

— stands forminus or less; e,g,, line AB — CD means, 
that the length of the line CD is to be taken away from 
the line AB. 

X is the sign of multiplication. 

: is the sign of division. 

<[ stands for Uss than ; e, g.y the line AB <^ CD means, 
that the line AB is shorter than the line CD. 

> stands for greater than ; e. g,, the line AB >» CD 
means, that the line AB is longer than the line CD. 

A point is denoted by a single letter of the alphabet 
chosen at pleasure ; e, g*, 

the point B. 

A line is represented by two letters placed at the be- 
ginning and end of it ; e. g., 

the line AB. 
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An angle is commonly denoted by three letters, the 
one *hat stands at the vertex always placed in the middle ; 




■•■'f 



the angle ABC or CBA. It is sometimes also repre- 
sented by a single letter placed within the angle ; e. g», 




the angle a, 

A triangle is denoted by three letters placed at the 
three vertices ; e.g,, 




the triangle ABC. 

A polygon is denoted by as many letteis as there are 
vertices ; e. g., 




the pentagon ABCDE. 

A quadrilateral is sometimes denoted only by two let- 
ters, placed at the opposite vertices; e. g.^ 




the quadrilateral AB. 
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QUESTIONS ON NOTATION AND SIGNIFICATIONS. 

What is the sign of equality 1 

What sign stands for i^as or more ? 

What for minus or less ? 

What for multiplication ? 

What for division ? 

What for kss than ? 

What for more than ? 

How is a point denoted t 

How a line ? 

How an angle 1 

How a triangle ? 

How a quadrilateral ? 

How any polygon ? 



Axioms, 

There are certain invariable truths, which are at OBce 
plain and evident to every mind, and which are frequently 
made use of, in the course of geometrical reasoning. As 
you will frequently be obliged to refer to them, it will be 
well to recollect the following ones particularly : 

TRUTH L 

Things which are equal to tktB aame thing, are equal 
to one another. 

TRUTH II. 

Things which are similar to the same thing, are similar 
to one another. 
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TRUTH in. 

If equals be added to. equals^ the wholes are equal. 

TRUTH IV. 
If equals be taken from equals, the remainders are 

equal. 

TRUTH V. 

The whole is greater than any one of its parts. 

TRUTH VI. 

The sum of all the parts is equal to the whole. 

TRUTH VII. " 
Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 

TRUTH Vin. 

Between two points only one straight line can be drawn. 

TRUTH IX. 
The straight line is the shortest way from one point to 

another. 

TRUTH X. 

Through one point, without a straight line, only one 
line can be' drawn parallel to that same straight line. 




SECTION I. 

OF STRAIGHT LINES AND ANGLES. 

QUERY I. 

In hots many points can two straight lines cut each other 1 

Answer, In one only. 

Q. But could not the two A 
straight lines AB, GD^ which 
cut each other in the point "E, 

have another point common; #^^--' ^^i^ftf 

that is, could not a part of the ^s ^ 

line CD bend over and touch the line AB in M f 

A. No. 

Q. Why not ? 

A. Because there would be two straight lines drawn 
between the same points E and M, which is impossible. 
(Truth VIII.) 

QUERY II. 

If two lines have any part common^ what must necessa- 
rily follow? 

A. They must coincide with each other throughout , 
and make Imt one and the same straight line. 

Q. How can you prove ' M. A ■» 

this, for instance, of the """""" 

two lines CA, BM , which have the part MA common ? 

A. The common part MA belongs to the line MB as 
well as to the line AC, and therefore MC and AB are, in 
this case, but the continuation of the same straight line AM. 
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QUERY HI. 

How great is the sum of the two tugaceni angles, which 
are formed by one sirmghi line meeting another, taking 
a right angle for the measure ? 

A, M is equal to two right angles, 

Q, How do you prove this 
of t Jie two angles ADE, CDE, 
formed by the line ED, meet- 
ing the line AC,at the point Df j ^ E 

^ A, Beeause, if at D yon f 

erect the perpebdicalar DM, 2> 

tke two angles, ADE and CDE, occupy exactly the same 
epaoe, as the two right angles, ADM and CDM, formed 
by the meeting of the perpendicular; namely, all the 
space on one side of the line AC. (See Truth VII.) 

Q. Can you prove the sane of the sum of the two 
adjacent angles, formed by the meeting of any other two 
straight lines? 

QUERY IV. 

What is -the sum of any 
number of angles, a, b, c, 
d, e, S^c,, formed at the 
same poinf, and o/fh the same 
side of the straight line 
ACi taking again a right 
angle for the measure ? 

A. It is also equal to two right angles. 

Q. Why? 

A. Because, by erecting at the point B a perpendicular 
to AC, all these angles wiU be found to occupy the same 
space as the ^wo right angles, made by the perpendicular 
MB. 
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QUERY V. 

WAe» two sirmgM Unes, AB, CD, cut 
each other, what relation do the ongUs which 
are opposite to each other at the vertex M, 
bear to each other ? 

A^ They are equal to each other. 

Q. How can you prove it 1 

A. Because, if you add the same angle a, 
first to b, and then to e, the sum will, in both 
cases^ be the same ; namely, equal to two right angles; 
which could not be, if the angle 6 were not equal to the 
angle e (see Truth III) ; and in the same manner I can 
prove that the two angles, a and d, are equal to each 
other. 

Q. IftheUnesCD,AB,are 
perpendicular to each other, 
what remark can you make in « 

relation to the angles d, h, ^ ^ 



e, a? 



M 



A, That each of these an^ 
gles is a right angle. 

Q. And what is the sum of 
all the angles, a, b, c, d, e, f, 
around the same point, equai 
to? 

A. To four right angles, q. 

Q. Why? 

A. Because if, through that 
point, you draw a perpendicu- 
lar to any of the lines, for in- 
stance the perpendicular MN, to the line OP, all the 
angles, a, b, c, d, e,f, taken together, occupy the same 




^ace, which is occupied by the four right angles, foniied 
bj the intersection of the two perpendiculars MN, OP. 

QUERY VI. 

If a triangle has one side, and the two a^acent angies, 
equal to Q^e side and the two cu^acent angles ofanotktr 
triangle f each to each, what relation do these triatig^^ 
bear to each other ? 

A. They are equal, 

Q. Supposing in this diagram the side ah equal to 
AB ; the angle at a equal to the angle at A, and tbe> a|j^ 
gl^ ayt h equal to the angle at B ; how can you prove tluU; 
th€ triangle a 6 c is equal to the triangle ABC 1 n~ 





^A, By applying the side ah to its equal AB, the side 
ac will fall upon AC, and he upon BC ; because the 
angles at a and A, b and B, are respectively equal ; and 
as the sides ac, be, take the same direction as the sides 
AC; BG, they must also meet in the same point in which 
the sides AC, BC, meet ; that is, the point c will fall 
upon C; and the two triangles abc, ABC, will coincide 
throughout. 

Q. What relation do you here discover between the 
equal sides and angles ? 

A, 71^^ the equal angles at c and C, are opposite to 
the €^tfdJiidAfab,AB, respectively, ^ 



GEOMETRY. 






JS 



H 



J\ 



auERY vn. 

Jjf two straight lines are both perpendicular to a third 
Une, what relation must they hear to each other 1 

A, They must he parallel. 

Q. Let us suppose the j^ 

two lines AB, CD, to be 
both perpendicular to a 
third line, GH ; how can 
you convince me that AB 
and CD are parallel ? 

A. Because, if you ex- ^ 

tend AB and CD, in the 
directions BE, DF, making 
BE and DF equal to BA 
and DC respectively, every 
thing will be equal on 
both sides of the line GH. 
Now if the lines AB, CD, are not parallel, they must either 
foe converging or diverging. If they are converging, AB 
and CD will, when sufficiently extended, cut each other 
somewhere, say in M ; but then (every thing being equal 
on both sides of the line GH) the same must take place 
with the lines BE, DF, on the other side of the line GH, 
which must cut each other somewhere in N ; and there 
would be two straight lines cutting each other in two 
points, which is impossible. If the lines AB, CD, were 
diverging, BE, DF, would be the same ; but it is equally 
impossible for two straight lines to diverge in tioo direc- 
tions : consequently the two straight lines, AB, CD, can 
neither be converging nor diverging, and therefore they 
must be parallel. 

Q. Can two straight lines which meet each other, he 
perpendictdar to the same straight line ? 
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A. No. 

Q. Why not? 

A, Because, if they are both perpendicular to a thhrd 
line, I have just proved that they must be parallel ; and 
if they are parallel, they cannot meet each other. 

Q. From a point without a straight line, how many 
perpendiculars can there he draxon to that same straight 
line 7 

A, Only one, 

Q. Why can there not mor« be drawn ? 

A, Because I have proved that two perpendiculars to 
the same straight line must be parallel to each other ; and 
two lines, parallel to each other, cannot be drawn from 
one and the same point. 

QUERY Vin. 

If a straight line, MN, 
cuts two other straight 
Unes at equal angles ; that 
is, so as to make the angles 
CIN and AFN equal; 
what relation exists he" ^' 
tween these two lines ? 

A. They are parallel 
to each other, 

Q, How can you prove 
it by this diagram t The line IF is bisected in O, and, 
from that point O, a perpendicular OP is let fall upon the 
line AB, and afterwards extended until, in the point R, 
it strikes the line CD. 

A. I should first observe that the triangles OPF and 
ORI are equal ; because the triangle OPF has a side and 
two adjacent angles equal to a side and two adjacent 
angles of the triangle ORI, each to each. (Cluery 6.) 
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Q. Which is that side, and which are the two adjacent 
angles ? 

il. The «ide'OI, which is equal to OF ; because the 
.point O bisects the line IF. One of the two adjacent 
angles is the angle lOR, which is equal to the angle FOP ; 
because these angles are opposite at the vertex : and 
the other is the angle OIR, which is equal to the angle 
OFP ; because the angle CIN, which, in the query, is 
supposed to be equal to AFN, is also equal to the angle 
OIR, to which it is opposite at the vertex. (Truth I.) 

Q. But of what use is your proving that the triangle 
QRI is equal to the triangle OPF ? 

it. It shows that since the triangle OPF is right-an- 
gled in P, the triangle ORI must be right-angled in R ; 
for, in equal triangles, the equal angles are opposite to 
the equal sides (remarks to Query 6, page 25) ; conse- 
quently the two lines AB, CD, are both perpendicular to 
the saiane straight line PR, and therefore parallel to each 
other. (Last query.) 

Q. Sfuppasing, now, two 
straight lines, AS, CD, to 
be cut by a third line, MW, so 

05 to make the tdtemate an* 3MP — / / ^ Jr 

gles AEF anid EFD, or the 
angles BEFand EFC, equal, 
what relation would the lines 
AB, CD, then bear to each ether ? 

A. They would still be paraUM, 

Q, How can you prove thist 

il. If the angle AEF is equal to the angle EFD, the 
angles AEF and CFN are also equal ; because EFD and 
CFN are cqiposite angles at the vertex. And, in the same 
manner, it may be proved, that if the angles BEF and 
EFC are equal, MEA and EFC are also equal ; there- 
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fore, in both cases, there are two straight lines cut by a 
third line at equal angles ; consequently they are parallel 
to each other. 

Q. There is one more case, and that is : If the two 
straight lines AB, CD (in our last figure), are cut by a 
third line MN, so as to make tTie sum of the two interior 
angles AEF and JEFC, equal to two right angles, how 
are the straight Unes AB, CD, then, situated with regard 
to each other 1 

A. They are still parallel to each other. For the sum 
of the two adjacent angles EFC and CFN is also equal 
to two right angles ;; and therefore, by taking fix>m each 
of the equal sums the common angle EFC, the two re- 
maining angles AEF and CFN must be equal (Truth 
IV.) ; and you have again the first case, viz : two straight 
lines cut by a third line at equal angles. 

Q. Wm you now state the different cases in which two 
straight lines are paraUel ? 

A, 1. When they are cut by a third Une at equal angles. 

2. When they are cut by a third Une so as to make the 
alternate angles equal; and, 

3. When the sum of the two interior angles,, made by 
the intersection of a third Une, is equal to two right 
angles. 

3» 
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auERy rx. 

Supposing the two straight lines CD, JELF, are cut hy 
a third line ilJfiiC unequal angles, ABC, BHE (F^g» I. 
and IL) ; or so as to have the aUemate angles CBH and 
BHF, or DBH and BHE unequal ; or in such a man* 
Her, that the sum of the two interior angles OMH and 
BHE (Fig. L), or J}BH and BHF (Fig, H), is less 
than two right angles ; what will then be the case with the 
two straight lines CD, EF? 





ET 
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JP^ J' 

A^ "nejf miU, i» euery one of these eases, cut each 
other, if stifficiently extended, 

Q. How can you prove this? 

4. By dBawing, thfough the point B, another line NP 
at equal angles with EF, and which will then also make 
the alternate angles, NBH, BHF and PBH, BHE, equal, 
and the sum of the two interior angles, NBH and BHE, 
equal to two right angles ; this line NP will be parallel to 
the line EF ; consequently the line CD cannot be parallel 
to it • because through the point B only one line can be 
drawn parallel to the line EF. (Truth X.) 
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QUERY X. 

Can you now tell the relation which the eight angles^ 
a, h, c, dy e,fy g^ h, formed by the intersection of two par* 
aUel linesj by a third line, bear 
to each other ? 

A, Yes. In the first place, 
the angle a is equal to the angle 
e ; the angle c equal to the angle 
g \ the angle b equal to the angle 
f; and the angle d equal to the 
angle h; — 2d. the angles a, d, 
e, h, as well as the angles h, c, f, g, are respectively equal 
to one another ; — and finally^ the sum of either c and e, or 
d and f, must make two right angles. For if either of 
these cases were not true, the lines would not be parallel, 
(Last query.) 

QUERY XI. 

JFVom whca you have learned of the properties of paral- 
lel Unes, what law do you discover respecting the distance 
they keep from each other? 

A, Parallel lines remain throughout equidistant. 

Q. When do you call two lines equidistant? 

A, When all the perpendiculars, let fall from one line 
upon the other, are eqtial. 

Q. How can. you prove, that the perpendicular lines 
OP, MI, RS, d&e. are all equal to one another 1 




7 p 

A. By joining MP, the two triangles MPO, MPI, hare 
the side MP common; and the angle a is equal to tlie 
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angle b ; because a and h are alternate angles, formed by 
the two parallel lines MI, OP (Query 10) ; and the angle 
c is equal to the angle d; because these angles are formed 
in a similar manner by the parallel lines AB, CD : there- 
fore we have a side and two adjacent angles in the trian- 
gle MPO, equal to a side and two adjacent angles in the 
triangle MPI ; consequently these two triangles are equal ; 
and the side OP, opposite to the angle c, in the triangle 
MPO, is equal to the side MI, opposite to the equal angle 
d, in the triangle MPI. In precisely the same manner I 
can prove that RS is equal to MI, and consequently also 
to OP ; and so I might go on, and show that every per- 
pendicular, let fall from the line AB, upon the parallel 
line CD, is equal to RS, MI, OP, &c. The two parallel 
lines AB and CD are therefore, throughout, at an equal 
distance from each other ; and the same can be proved 
of other parallel lines. 

, QUERY Xn. 

IfttDO lines are parallel to a third line, what relation 

do they bear to each other ? 

Fig. I. 
C -r 1 D 

A I i —B 



F 



Fig.U. 

A— \ ! B 

c tr ! B 

E '^ ' F 

They are parallel to each other, 

Q. How can you prove this ? 

A, From the line CD being parallel to AB, it follows 
that every point in the line CD is at an equal distance 
from the line AB ; and because EF is also parallel to AB, 
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every point in the line EF is also at an equal distance 
'from the line AB ; and therefore (in JF¥^. I.) the tokoh 
^stances between the lines CD and EP, or (in I%g. II.) 
the liijferences between the equal distances, are equal : 
that is, the lines CD, EF, are likewise equidistant ; and 
consequently parallel to each other. 

QUERY Xni. 

TVhat is the sum of all the angles in every triangle 
equal to 7 

A* To two rigM angles, 

Q. How do you prove this ? 

A. By drawing, through the 
vertex of the angle 6, a straight 
line parallel to the basis BC, the ^ 
angle a is equal to the angle dy and the angle c is equal 
to the angle e (duery 10) ; and as the sum of the three 
angles a, 6, c, is equal to two right angles (Ctuery 4), the 
sum of the three angles d^ b, e, in the triangle, is also 
equal to two right angles.* 

Q. Can you now find 
out the relation which the 
exterior angle e bears to 
the two interior angles a 
tmdh ? 

A. The exterior angle 
e is equal to the sum of ^ jA. 

the two interior angles, a and b. 

Q. How can you prove this ? 

A. Because, by adding the angle c to the two angles a 




* *Fhe teacher may give his .pupils an ocular demonslration of 
liiiff truth, by cuttix^ the three angles b, d, e, from a triangle, and 
then placing them along side of each other ; they will be in a 
straight line. 
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and b, it makes with them two right angles ; and by add- 
ing it to the angle e alone, the sum of the two angles, 
e and c, is also equal to two right angles (Query 3), which 
could not be, if the angle e alone were not equal to the 
two angles a and b together. (Truth III.) 

Q. What other truths can you derive from the two 
which you have just now advanced ? 

A. 1. The exterior angle e is greater than either of the 
interior opposite ones, a or b. 

2. Jf two angles of a triangle are known, the third 
angle is also determined. 

3. When two angles of a triangle are equal to two 
angles of another triangle, the third angle in the one is 
equal to the third angle in the other, 

4. No triangle can contain more than one right angle, 

5. No triangle can contain more than one obtuse angle. 

6. No triangle can contain a right and an obtuse angle 
together. 

7. In a right-angled triangle, the right angle is equal 
to the sum of the two other angles. 

Q. How can you convince me of the truth of each of 
these assertions ? 



RECAPITULATION OF THE TRUTHS CONTAINED IN 

THE FIRST SECTION. 

Can you now repeat the different principles of straight 
lines and angles which you have learned in this section ? 

Ans. 1. Two straight lines can cut each other only in 
one point. 

2. Two straight lines which have two points common, 
must coincide with each other throughout, and form but 
one and the same straight line. 
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3. The sum of the two adjacent angles, which one 
straight line makes with another, is equal to two right 
angles. 

4. The sum of all the angles, made by any number of 
straight lines, meeting in the same point, and on the same 
side of a straight line, is equal to two right angles. 

5. Opposite angles at the vertex are equal. 

6. The sum of all the angles, made by the meeting of 
ever so many straight lines around the same point, is 
equal to four right angles. 

7. When a triangle has one side and the two adjacent 
angles, equal to one side and the two adjacent angles 
in another triangle, each to each, the two triangles are 
equal. 

8. In equal triangles the equal angles are opposite to 
the equal sides. ' 

9. If two straight lines are perpendicular to a third 
line, they are parallel to each other. 

10. -If two lines are cut by a third line at equal angles, 
or so as to make the alternate angles equal, or so as to 
make the sum of the two interior angles formed by the 
intersection of a third Hne, equal to two right angles, the 
two lines are parallel. 

11. If two lines are cut by a third line at unequal 
angles ; or so as to have the alternate angles unequal ; or 
in such a way as to make the sum of the two interior 
angles less than two right angles, these two lines will, 
when sufficiently extended, cut each other. 

12. If two parallel lines are cut by a third line, the 
alternate angles are equal. 

13. Parallel lines are throughout equidistant. 

14. If two lines are parallel to a third line, they are 
parallel to each others 
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15. Tbe sum of tlie three aAgies. in any triaoj^, is 
equal to two right angles* 

16. If one of the sides of a triangle is extended, the 
exterior angle is equal to the sum of the two interior 
opposite angles. 

17. The exterior angle is greater than either of the 
interior opposite ones. 

18. If two angles of a triangle are given, the third is 
determined. 

19. There can be but one right angle, or one obtuse 
angle, and never a right angle and obtuse angle together, 
in the same triangle. 

20. In a right-angled triangle, the right U)^e is eqoal 
to the sum of the two other angles.''^ 



* The teacher may now ask his pupils to repeat the demonstra- 
tions of these principles. 



SECTION II. 



OF EQUALITY AND SIMILARITY OF TRIANGLES. 



PART I. 

OF THE EQUALITY OF TRIANGLES. 

Preliminary Remark. There are three kinds of equality to be 
considered in triangles, viz : equality of area, without reference to 
the shape ; equality of shape, without reference to the area — simi' 
larity ; and equality of both shape and area — eoineidenee. All 
questions, asked in this section, will refer only to the last two kindi 
of equality ; and those in the first part, only to the coincidence of 
triangles. 

QUERY I. 

If two sides and the angle which is included by them in 
one triangle, are equal to two sides and the angle which is 
included by them in another triangle, each to each, what 
relation do these two triangles bear to each other ? 

Ans, They are equal to each other in all their parts, 
that is, they coincide with each other throughout. 

Show me that this must be the case with any two tri- 
angles, ABC, abc, in which we will suppose the side 
AB z=: ab, AC = ac, and the angle at A equal to the angle 
at cu 

4 
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A, By placing the line ac upon its equal AC, the angle 
at a will coincide with the angle at A, because these two 
angles are equal ; and the line ab will fall upon the line 
AB ; and as a5 z= AB, the point b will fall upon B ; that 
is, the three points of the triangle abc will fall upon the 
three points of the triangle ABC, thus : 

The point a upon A, 
" b " B, 
" c " C; 
consequently these two triangles must coincide. 

Q. What refnark can you here make with respect to the 
sides and angles of equal triangles 1 

•A, The equal sides ^ cb, CB, are opposite to the equal 
angles at a and A, 

QUERY IL 

If one side and the two adjacent angles in one triangle, 
are equal to one side and the two adjacent angles in 
another triangle, each to each, what relation do the two 
triangles bear to each other ? 

A, They are equal, and the angles opposite to the equal 
sides are also equals as has been proved in the 1st Section. 
(Query 6.) 

auERY in. 

What remark can you make with respect to the two 
angles at the basis of an isosceles triangle ? 
A, They are equal to each other. 
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Q. How can you prov« it? 
A. Siipipose we had two equal 
isosceles triangles, ABC and 
abc, or, as it were, another im- 

prassion, abc, of the triangle . . 

ABC, that is, ^ ^ ^ 

The side a6 = AB, 
" acz=AC, 
" be = BC. 
The angle at a = angle at A, 
" 6= " B, 

" ci= " C. 
Then the sides AB, AC, ahy ixc, being all equal to one 
another, and the angle at a remaining the same, which- 
ever way we place it, the wiioie of the two trian^es, ak€, 
and ABC, will still coincide, whes abc is placed upon 
ABC in such a manoer that etc will &n upon AB, and ab 
upon AC (for yoa will stiB hare two sides and the angle 
which it included by them in the one, equal to two sides 
and the angle which is inchided by them in the other) ; 
therefore the angle at c must be equal to the angle at B. 
And as the angle at c is only ^ as it were, another impression 
of the angle at C, the angles C and B must also be equal ; 
that is, the two angles at the basis of the isosceles triangle 
ABC are equal : and the same can be proved of the two 
angles at the basis of every other isosceles triangle. 

auERY nr. 

If the three sides of one triangle are equal to the thru 
sides of another, each to each, what relation do the two 
triangles bear to each other ? 

A. They coincide with each other throughoitt ; thai is, 
their angles are also equal, each to each. 
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Q. How can you prove this, for 
instance, of the two triangles ABC 
and abc, in which we will suppose 
the side AB z= a6, . 

AC = ac, 

BCzzibc? 
That you may easier find out your 
demonstration, I have placed the 
two triangles, as you see, along ^ 

side of each other, with their bases, AB and ab, together, 
and have joined their opposite vertices, C and c by the 
straight line Cc. What do you now observe with regard 
to the two triangles ACc and BCc ? 

A, Both are isosceles ; for the sides AC and ac, BC 
and he, are respectively equal ; and, therefore, the angles 
X and y, o and to, must be equal, each to each ; and as 
the angle x is equal to the angle y, and the angle o equal 
to the angle iff, the sum of the two angles x and b, that 
is, the whole angle ACB, must be equal to the sum' of the 
two angles f/ and w, that is, to the whole angle acb ; and 
the two triangles, ABC, and abc, having two sides, AC, 
BC, and the angle which is included by them in the one, 
equal to the two sides ac, be, and the angle which is in- 
cluded by them in the other, each to each, must coincide 
throughout, and have, consequently, all their angles re- 
spectively equal to one another. (Ctuery 1, Sect. II.) 



QUERY V. 

Which of two angles in a triangle is greater, that 
which is opposite to the smaller, or that which is opposite 
to the greater side 7 

A. That which is opposite to the greater side. 

Q. How can you prove it ? 

A, Because if in any triangle, for instance in the 
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triangle ABD, one side, AB, is 
greater than another* AD^ the side 
AB will contain a part which is 
equal to AD ;* and therefore, by ^ 
taking upon AB the distance AC 
equal to AD, and joining DC, the triangle ACD will be 
isosceles, and the angle x will be equal to the angle y, 
(Query 3, Sect. II.) ; and as the exterior angle y must 
be greater than the interior opposite angle CBD, in the 
triangle DBC, (duery 13, Sect. I.) the angle at % will 
also be greater than the angle CBD ; and the angle ADB 
being greater still than the angle x, must consequently 
be still more so than the angle CBD ; that is, the angle 
ADB, opposite to the greater side AB, is greater than the 
angle at B, opposite to the smaller side AD : and the saaie 
can be proved of two anequal sides in any other triangle. 

Q. What truth can you directly derive from this, in- 
specting the three angles and sides of a triangle ? 

A, That the greatest of the three angles is opposite to 
the greatest of the three sides. For if the side AD, for 
instance, is greater than the side DB, it can be proved 
that the angle at B, opposite to the side AD, is greater 
than the angle at A, opposite to the side DB ; and as the 
side AB is greater still than AD, the ai^le ADB, opposite 
to AB, must be greater still than the angle at B, and is 
therefore the greatest angle in the triangle ABD. 

Q. jProm vahaJt you have learned of the relation which 
exists between the sides and angles of a triangle, can you 
now tell which of the sides of a right-angled triangle is 
the greatest ? 

A, Yes. That which is opposite to the right angle, 

Q. Why? 

* If the magnitude A is greater than B, A must contain apart 

equal to B. 

4» 
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A. Because, in a right-angled triangle, the right angle 
is greater than either of the two other angles. (Conseq. 
Query 13, Sect. I.) 

QUERY VI. 

It has been proved before (Query 3, 
Sect. II.), tJutt in an isosceles triangle, the 
angles at the basis are equal : can you now 
prove the reverse; that is, that a triangle 
must be isosceles when it contains two eguai 
angles? 

A. Yes, Because, if either of the two 
sides AC, BC, were greater than the other, the angle 
opposite to that side would also be greater than the angle 
which is opposite to the other sida; but the two angles 
at A and B are equal, therefore the sides AC, BC, are 
also equal. 

Q. If the three angles in a triangle are eguai to one 
another, what relation do the sides betxr to each other ? 

A, They are also equal, and the triangle is equilateral. 

Q. How can you prove this ? 

A, If, in the triangle ABC, for 
instance, the angle at A is equal 
to the angle at B, I have just 
proved that the side BC must be 
equal to the side AC ; and if the 
angle at B is also equal to the 
angle at C, the side AC must likewise be equal to the 
side AB ; that is, the three sides AB, BC, AC, are equal 
to one another, and the triangle ABC is equilateral. 

QUERY vn. 

Can any one side of a triangle be greater than, or equal 
to, the sum of the two other sides ? 
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A. No. A straight line being 
the shortest way from one point 
to another, it follows that, in any 
triangle, ABC for instance, the "^ 
side AB is smaller than the sides AC and BC together. 

QUERY VIII. 

If, from a point M, in a triangle ABC, two lines, AM, 
JB3f, are drawn to the two extremities of any side, AB, 
in that triangle, what relation does the angle AMB, made 
by these two lines, hear to the angle ACB, which is opposite 
to the side AB in the triangle ? And what do you olh- 
serve with regard to the sum of the two lines, AM and 
MB, which include the angle AMB, and that of the two 
sides, AC, BC, of the triangle which include the angle 
ACB? 

C 




DM 



a D 

DM 



A MB 

A. The angle AMB, made by the lines AM, BM, is 
always greater than the angle ACB, opposite to the side 
AB, in the triangle ABC; but the sum of the two 
lines AM, MB, is in all cases smaller than the sum of the 
two sides AC, CB, of the triangle. 

Q. How can you prove both your assertions ? 

A. The exterior angle MDB is greater than the inte- 
rior opposite angle ACD, in the triangle ACD (Query 
13, Sect. I.) ; and for the same reason is the exterior 
angle AMB greater than the interior opposite angle 
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MDB, in the triangle MDfi; and therefore the angle 
AMB is greater still than the angle ACB. 2%. The 
three sides AB, AC, BC, by which the greater surface 
is bound, enveloping the three sides AB, AM, MB, it 
follows that their sum is greater than the sum of the 
three sides AB, AM, BM, by which the smaller surface 
ABM is bound ; and, taking from each of the unequal 
sums the same line AB, which serves both as a ccnnmon 
basis, the greater will remain where the greater was 
before ; that is, the sum of AC and BC will still be 
greater than the sum of AM, BM. 

QUERY IX. 

If, from a point A, without a straight Une MN, you 
let fall a perpendicular , AB, upon that line ; and, at the 
same time, draw other lines, AD, AE, AF, S^c, obliquely 
to different points, D, E, F, ^c., in the same straight 
line; which is the shortest, the perpendicular, or one of 
the oblique lines? 

4. 
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A, The perpendicular is the shortest, 

Q. How can you prove it ? 

A, Because the triangles, ABD, ABE, ABF, ABN, 
&c. are all right-angled in B ; and in every right-angled 
triangle, the greatest side is opposite to the right angle. 
(Page 41.) 

Q. And what other truths do you derive from the one 
you have just mentioned 1 

A, 1st The, perpendicular AB measures the distance 
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of the point A from the line MN; for it is the shortest 
line that can be drawn from that point to that line. 

2dly. The angles o, p, r, t, S^c. are aU obtuse, because 
they are exterior angles of the right-angled triangles, 
ABD, ABE, ABF, &c., and, therefore, greater than the 
interior opposite right angle at B. 

3dly. J%e angles o, p, r, t, Sf*c. become successive^ 
greater, and the angles u, q, s, &-c. smaller, as the lines 
AD, AE, AF, Spc. are drawn farther from the pcrpcn^ 
dicular. For the exterior angle p is greater than the 
interior opposite one o, in the triangle ADE ; the exterior 
angle r is greater than the interior opposite one p, in the 
triangle AEF ; the exterior angle t, again, is greater than 
the interior opposite one r, in the triangle AFN ; and 
so on. 

4thly. The oblique lines, AD, AE, AF, S^c, become 
successively greater, as they are draum farther from the 
perpendicular; thai is, the line AD is greater than the 
line AJB; the line AE than the line AD; the line AF 
than the line AE ; and so on. For the angles o, p, r, &/C. 
arc all obtuse^ and become successively greater, as the 
triangles ADE, AEF, &c. are more remote from the per- 
pendicular ; and, therefore, the sides AE, AF, AN, &c., 
which are successively opposite to these angles, in the 
triangles ADE, AEF, AFN, must become greater with 
them. 

5thly. The straight lines, AC, At), drawn on both 
sides of, and at an equal distance from, the perpendicular 
AB, are equal. For the two triangles ABC, ABD, have 
the side AB common, and the side BC equal to the side 
BD (because the lines AC, AD, are at an equal distance 
from the perpendicular AB) ; and as the line AB is per- 
pendicular to CD, the angle ABC, included by the sides 
AB, BC^ in the triangle ABC, is equal to the angle ABD, 
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included by the sides AB, BD, in the triangle ABD; ccm- 
sequently, these two triangles are equal ; and the third 
side AC in the one triangle, is equal to the third aide 
AD in the other. (Ctuery 1, Sect. II.) 

6thly. There is hut one point in the line MN, on euch 
side of the perpendicular, such, that a straight line, 
dratonfrom it to the point A, is of a given length. This 
follows &om No. 4. 

7thly. T^ere is but one point in the line MN, on each 
side of the perpendicular, in which a line drawn to the 
point A forms unth the line MN an angle of a given 
magnitude. This follows from No. 3. 

QUERY X. 

If two sides, and the angle which is opposite to the 
greater of them, in one triangle, are equal to two sides and 
the angle which is opposite to the greater of them in 
another, each to each, what relation do these two trian^ 
gles bear to each other ? 

A. They coincide with each other in all their parts; 
that is, they are equal to each other, 

Q. How can you prove it ? 

A. Because, if, in a triangle, 
ABC, for instance, you have the 
sides AB and AC, and the angle 
at B, which is apposite to the ». 
greater side AC, given, the whole 
triangle is determined. For, in the j]^ 

first place, by the angle at B, the /Jx^ 
direction of the sides AB, BC, is ]^""jj'jR 
determined. 2dly, By the length 
of the side AB, the distance of the point A from the line 
BC is determined. Zdly, If you imagine, the perpendic* 




GEOBiETRY. 47 

ular AD to be let fall apon BC (Fig. I.), or if the angle « 
ABC be obtuse (as in Fig. II.) on its further extension 
BE, there can be but one point in the line BC, on this 
side of the perpendicular, from which a line drawn to the 
point A, is as long as the line AC (see consequence 6th 
of the preceding query) ; therefore, by the length of the 
line AC, the point C, and thereby the whole of the third 
line BC, is also determined. 

Q. But is it not possible for the line AC to fall on the 
other side of the perpendicular t 

A. No. Because the line AC, being greater than the 
line AB, would in this case be farther from the perpen- 
dicular, than the line AB (conseq. 4, preceding query )i 
and the angle at B would then fall without the triangle ; 
and because the whole triangle ABC is entirely deter- 
mined, when two of its sides, and the angle which is 
opposite to the greater of them, are given : therefore, all 
triangles, in which these three things are equal, must be 
equal to one another. 

Q. What truth can you infer from this respecting the 
case where the hypothenuse^ and one side of a right-angled 
triangle, are equal to the hppothenuse and one of the 
sides in another right-angled triangle ? 





A. That these two right-angled triangles are equal to 
each other. For, in this case, we have two sides, and 
the right angle which is opposite to the greater of them, 
in the one, equal to two sides, and the angle which is 
opposite to the greater of them, in the other. 



f 
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Q. But if, in Fig. II. (page 46) the two sides AC, AB, and the 
angle at C, opposite to the smaller side AB, be given, would not 
this be sufficient to determine the triangle ABC ? 

A. No. For the two lines, AB, AE, being equal, there would 
be two triangles, ABC and AEC possible, containing the same 
three things, and it would be doubtful which of the two triangles 
was meant 

QUERY XI. 

ff you have two sides, oh, he, of a triangle, abc, equai 
to two sides, AB, BC, of another triangle, ABC, each to 
ecu^h ; hut the angle ABC included by the two sides, AB, 
BC, in the triangle A BC, greater than the angle abc, 
included by the sides ab, be, in the triangle abc ; what 
remark can you make unth regard to the two sides ac, 
AC, which are respectively opposite to those angles 7 





A. That the side ac, opposite to the smaller angle abc, 
in the triangle abc, is smaller than the side AC, opposite 
to the greater angle ABC, in the triangle ABC, 

Q. How do you prove this ? 

A, By placing the triangle abc upon the triangle 
ABC, with the side ab upon AB (its equal), the side be 
will fall within the angle ABC, because the angle abc is 
smaller than the angle ABC ; and the extremity c, of the 
line be, will either fall without the triangle ABC, as you 
see in the figure before you, or within it, or it may also 
fall upon the line AC itself. 

1st, If it falls without the triangle ABC, by imagining 
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the line Cc drawn, the triangle cBC will be isosceles ; for 
we have supposed the side be equal to BC ; and because 
the angles at the basis of an isosceles triangle are equal 
(Ctuery 3, Sect. II.), the angle z is equal to the sum of 
the two angles x and ^ ; consequently greater than the 
angle y dUme; and if the angle z is greater than the 
angle y, the two angles z and w together will be greater 
still than the same angle y; therefore, in the triangle 
ACc, the angle AcC is greater than the angle ACc; 
consequently the side AC, opposite to the greater angle 
AcC, must be greater than the side ac, opposite to the 
smaller angle ACc. 

^dly. If the extremity of the line he falls within the 
triangle ABC, the sum of the two sides ac, be, must be 
smaller than the sum of the two ^ 

sides AC, BC (Query 8, Sect. II.) ; 
therefore, by taking from each of ji 
these sums the equal lines be, BC, c 

respectively, the remainder, AC, of a-^ ^-^ ^ 

the greater sum (AC-f-BC) is greater than the remain* 
der, ac, of the smaller sum (ac-{-bc). 

Finally, If the point e falls upon the line AC itself, 
it is evident that the whole line AC must be greater than 
its part^4c. 






QUERY XII. 



7f, in a parallelogram J A CDB, C^ 
you draw a diagonal CB, what ^'^ 



relation do the two triangles, ^ 
ABC, CDB, bear to each other? 

5 
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A. They are equal to each other ^ mid the parcJleUh 
gram is divided into two equal parts, 

Q. How can you prove this ? 

A. The two triangles, ABC and CDB, have the side 
OB common ; and the angle y is equal to the angle w , 
because y and w are alternate angles, formed by the in- 
tersection of the two parallel lines CD, AB, by a third 
line, CB ; and the angle x is equal to the angle z, because 
these two angles are formed in a similar manner, by the 
parallel lines AC, DB (Query 10, Sect. I.) : and as the 
triangle ABC has a side CB, and the two adjacent angles, 
X and U7, equal to the same side CB, and the two adjacent 
angles, z and y, in the triangle CDB, each to each ; 
therefore these two triangles are equal (Query 6, Sect. I.), 
and the diagonal CB divides the parallelogram into.twa 
equal parts. 

Q. What other properties of a paraUehgram can you 
infer from the one just learned? 

1st. The opposite sides of a paraUehgram are equal; 
that is, the side CD is equal to the side AB, and the side 
CA to the side DB ; for in the equal triangles, ABC, 
CDB, the equal sides must be opposite to the equal angles. 
(Conseq. of Query 1, Sect. II.) 

2dly. The opposite angles in a parallelogram are 
equal; for in the two equal triangles, ABC, CDB, the 
same side, CB, is opposite to each of the angles, at D and 
A. (Conseq. of Query 6, Sect. I.) 

3dly. By one angle of a parallelogram, all four are 
determined; for the sum of the four angles in a parallelo- 
gram is equal to four right angles ; because the sum of 
the three angles in each of the two triangles, ABC, CDB, 
is equal to two right angles. Now, if the angle at D, for 
instance, is known, the angle at A is equal to it ; and 
there remain but the two angles ACD and ABD, each 
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of which must be equal to half of what is wanting to 
complete the sum of the four right angles. 

Q. If you have a ^uadrHateral^ in which the opposite 
sides are respectively equal, does it follow that the figure 
must he a parallelogram 7 

A. Yes. For if, in the last figure, you have the side 
CD equal to the side AB, and the side AG equal to the 
side BD; by drawing the diagonal BC, you have the 
three sides of the triangle ABC, respectively, equal to the 
three sides of the triangle CDB ; therefore, these two 
triangles are equal ; and the angle y, opposite to the side 
DB, is equal to the angle w, opposite to the equal side 
AC : and the angle x, opposite to the side. AB, is equal to 
the angle 2, opposite to the equal side CD ; that is, the 
alternate angles, y and w, x and z, are respectively equal : 
therefore the side CD is parallel to the side AB, and the 
side AC to the side BD, and the figure is a parallelo- 
gram. 

Q. ffy in a quadrilateral, you know but two sides to he 
equal and parallel, what will then he the name of the 
figure ? 

A, It will stiU he a parallelogram. For if, in the last 
figure, the side CD is equal and parallel to AB, by drawing 
the diagonal CB, you have the two sides, CB and CD, in 
the triangle CDB, equal to the two sides, CB, AB, in the 
triangle ABC, each to each ; and because the side CD is 
parallel to the side AB, the included angle y is equal to 
the included angle w; therefore the two triangles are 
equal (Ctuery 1, Sect. II.), and the side AC is also equal 
and parallel to the side DB, as before. 
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QUERY XIII. 

If, from one of the vertices of a 
reetilinear figure, diagonals are 
drawn to all the other vertices, into ^ 
how many triangles will this recti' 
linear figure he divided? p 

A. Into as many as the figure 
has sides less two. For it is evident, JS 1> 

that if, from the vertex A, for instance, you draw the di- 
agonals AF, AE, AD, AC, to the vertices F, E, D, C, 
each of the two triangles AGF, ABC, will need for its 
formation two sides of the figure, and a diagonal ; but 
then every one remaining side of the figure will, together 
with tv/o diagonals, form a triangle ; therefore there will 
be as many triangles formed, as there are sides less the 
two, which are additionally employed in the formation of 
the two triangles AGF, ABC. 

Q. And what is the sum of all the angles, BAG, AGF, 
GFE, FED, EDC, DCB, CBA, equal to ? 

A. To as many times two right angles as the figure 
ABCDEFG has sides less two. For as every rectilinear 
figure can be divided into as many triangles as there are 
sides less two ; and because the sum of the three angles 
in each triangle is equal to two right angles (Query 13, 
Sect. I.) there will be as many times two right angles in 
all the angles of your figure, as there are triangles ; that 
is, as many as the figure has sides less two. 
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PART II. 

OF GEOMETRICAL PROPORTIONS,* AND SIMILARITY 

OF TRIANGLES. 

Whenever we compare two things with regard to 
their magnitude^ and inquire how many times one is 
greater than the other, we determine the ratio which 
these two things bear to each other. If, in this way, we 
find out that the one is two, three, four, &c. timee 
greater than the other, we say that these things are in the 
ratio of one to two, to three^ to four, S^c. : c. g. If you 
compare the fortunes of two persons, one of whom is 
worth $10,000, and the other $20,000, you say, that 
their fortunes are in the ratio of one to two. Or if you 
compare two lines, one of which is two, and the other 
six feet long, you say of these lines, that they are in the 

* It is the design of the author to give here a perfectly element- 
ary theory of geometrical proportions, and to establish every prin- 
ciple geometrically, and by simple induction. Intending the 
above theory for those who have not yet acquired the least knowl- 
edge of Algebra, he is not allowed to identify the theory of pro- 
portions with that of algebraic equations (as it is done by some 
writers on Mathematics), and then to find out the principles of the 
former by an analysis of the latter. There are several disadvan- 
tages inseparable from the algebraic method of considering a ratio 
as a fraction, besides the difficulty of making such a theory accessi- 
ble to beginners. Neither can an algebraic demonstration be 
made obvious to the eye like a geometrical one. 

5* 
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ratio of one to three, because the second line is three 
times as long as the first. 

It frequently occurs, that two things are to each other 
in the same ratio in which two others are ; we then say 
that these things are in proportien. This is frequently 
the case in the fine arts ; but particularly in the science 
of Geometry, from which these proportions are called 
geometrical. To give an example: If you draw a 
house, you must draw it according to a certain scale ; 
that is, you must draw it one thousand, two thousand, 
three thousand, dz>c. times smaller than the building itself: 
but then you are obliged to redtrce every part' of it in 
proportion, liy for instance, you draw the front of the 
house one thousand times smaller than the original, you 
must reduce the windows, doors, and every other part, 
in the same ratio. If, on the contrary, the windows 
were reduced two thousand times, whilst the doors and 
other parts were reduced only one thousand times, your 
picture wo^d'be' out of proportion^ because the different 
parts wocild be reduced by different ratios. In this case 
your pietdre would be distorted ; and would not resem' 
hie the original 

The same is the case with resemblance, produced in 
any other kind of drawings ; but particularly in geomet*- 
rical figures. 



JP^. I. X Fig. U. Fig. in. 
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If the two triangles, ABC, d^c, are to be similar to 
each other, it is necessary that they should be construct- 
ed after the same manner, and that the side AC should 
be exactly as many times greater than the side ac, as the 
side BC is greater than be, and the side AB than ab. If 
(Fig. I. and 11.) the side AB, for instance, is twice as 
great as the side ah ; that is, if the side ab is half of the 
side AB ; the side ac must also be half of the side AC, 
and the side he half of the side BC,' that is, the three 
sides, ahy ae, be, of the triangle abc, must be in propor^ 
Hon to the three sides, AB, AC, BC, of the triangle ABC. 
Again, if (Fig. I. and III.) the side AB is three times as 
great as the side ab ; that is, if the side ab is one third 
of the side AB ; the side ac must also be one third of the 
side AC, and the side be one third of the side BC ; or 
the triangles ahc, ABC, would not be similar to each 
other. The same holds true of all other geometrical 
figures, composed of any number of sides. If they are 
similar, their sides are proportional to each other. 

Thfere are different ways of denoting a geometrical 
proportion. Some mathematicians express the propor- 
tionality of the sides, ah, ae, of the triangle ahc (Fig. II.), 
to the sides AB, AC, of the triangle ABC (Fig. I.), in 
the following manner : 

AB : a6 : : AC : ac; } 

or, 

AB-f aft : : AC-r-ac ; 

and also 

AB : a6 = AC : ac* 
which is read thus : 

AB is to ah, as AC is to ac. 

* The first manner of expressing a proportion is ngw in gent)ra] 
use among the English and French mathematicians ; the second is 
«ome times met with in old English writers, and the third way is 
adopted in Germany. 
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As a proportion is nothing less than the equality of two 
ratios, the third way of denoting a proportion, in which 
the sign of equality is put between the two ratios, seems 
to be the most natural. The reason why the sign of di- 
vision (see Notation and Significations), is put between 
the two terms, AB, ab, of a ratio, is obvious ; for a ratio 
points out how many times one term (the side ab) is con- 
tained in the other (the side AB). 

The first and fourth terms of a proportion, together, are 
called extremes ; because one of them stands at the ho- 
ginning, and the other at the end, of a proportion : the 
.second and third terms, standing in the middle, are, to- 
gether, called the means. 

The following principles of geometrical proportions 
ought to be well understood and remembered : 

1st. It is important to observe, that in every geometrical . 
proportion the twa ratios may he inverted; that is, in** 
stead of saying, 

AB : ab = AC : ac, 
you may say, 

ah : AB = ac : AC ; 

for, the 'order of terms being changed in hoth ratios, 
they are still equal to one another ; but, leaving one ratio 
unaltered, if you change the order of terms in the other, 
the proportion will be destroyed. You cannot say, 

ah : AB = AC : ac ; 

for the smaller side, ab, is contained twice in the greater 
side, AB (Fig. I. and II.) ; but the greater side, AC, is 
not contained once in the smaller side, ac. 

2d. Another remarkable property of geometrical pro- 
portions is, that you may change the order of the means, 
or extremes, without destroying the proportion. Thus 
you may change the proportion 
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AB :ab = AC :ac (I.) 

into 

AB : AC = ab:ac (II.) 

or by changing the extremes into 

ac : a6 = AC : AB fill.) 

The reason why you have a right to do this, is easily 
comprehended. If, in the first proportion, the side AB 
is as many times greater than ab, as AC is greater than 
ac, the ratio of AB to AC will be the same as that of 
ab to ac. In Fig. I. and II. (page 54), we have ab 
equal to one half of AB ; consequently ac is also equal 
to one half of AC ; and, therefore, let the ratio of the 
two lines, AB to AC, be whatever it may, their halves, 
ab and ac, must be in the same ratio. To give another ex- 
ample : If A*s garden is five times greater than B's, half 
of A's garden is also five times greater than half of B's 
garden. The second proportion (II.) would still be correct, 
if, as in Fig. I. and III., the sides AB, AC, were three 
times as great as the sides ab, ac ; for then the thirds 
of AB and AC would still be in the same proportion as the 
whole lines AB and AC. Nothing can now be easier 
than to extend this mode of reasoning, and show the 
generality of the principle here advanced. The correct- 
ness of the third proportion might be proved precisely in 
the same manner as that of the second ; for the third 
proportion (III.) differs from the second (II.) only in the 
order in which the two ratios are placed ; and of two 
equal things, it does not matter which you put first. The 
correctness of the second proportion proves, therefore, 
that of the third proportion. 

3d. 7f yoM have two geometrical proportions, which 
have one ratio common, the two remaining ratios will, 
again, make a proportion ; for if two ratios are equal to 
the same ratio, they must be equal to each other. (See 
Axioms, Truth I.) If you have the two proportions 
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AB : ab = AC : ac 
AB : a6 = BC : be 

you will also have the proportion 

AC : €Lc = BC : be. 
For an illustration of this principle, we may take the two 
triangles ABC, abc (Fig. I. and II.) : If the eides AB 
and ab are in proportion to the sides AC and ac, and 
also in proportion to the sides BC and be, the three sides 
of the triangle ABC will be in proportion to the three 
sides of the triangle abc; therefore, any two sides of the 
first triangle will be in proportion to the two correspond- 
ing sides of the other triangle. 

4th. Another important principle of geometrical pro- 
portions is this: If you have several geometrical propor^ 
tionSy of which the second has a ratio common with the 
first, the third a ratio common with the second, the fourth 
a ratio common with the third, and so oni the sum of all 
the first terms of these proportions will bear the same ratio 
to the sum of all the second terms, which the sum of all the 
third terms does to the sum of all the fourth terms, that 
is, the sums will again make a proportion. 

To prove this, we will, in the first place, consider the 
simplest case ; that of two proportions only ; and, the 
easier to comprehend it, ^ake the same two proportions 
which we have just had under consideration, viz : 

ac : AC =: ab : AB 

ab : AB = be : BC. 
We know, from the two triangles, ABC and abc (Fig. I. 
and II.), that, in the first proportion, ac is half of AC ; 
consequently a6 is also half of AB, and, in the second 
proportion, be is also half of BC. Thus, each of the two 
first terms, ab, ac, is half of its second term ; and conse- 
quently each of the third terms, be, ab, is half of its cor- 
responding fourth term ; therefore, adding ab and ac 
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together, their sum will be one half of the sum of AB 
and AC ; and so will be and aft, be, together, one half of 
the sum of BC and AB. For the sake of illustration, 
you may measure off the length of ab and ac, upou 



a 



B AC 

the line be, and the length of AB and AG on another 
line BC ; and you will find that the line be is exactly one 
half of the line BC. For the line be, composed of two 
parts, ab, ac, each measuring exactly one half of the 
corresponding two parts, AB, AC, of which the line BC 
is composed, must evidently be one half of the whole line 
BC. In the same way you may convince yourself that 



w 



A B C 

the line oc, composed of the two parts, ab and be, meas- 
ures one half of the second line AC, composed of the two 
parts AB and BC : and therefore you will have 

ab + ae : AB + AC = 6c + a6 : BC + AB.* 

Although, in our example, we have chosen a proportion 
in which the first and third terms are exactly one half 
of the second and fourth terms, yet it is easy to perceive, 
that the same course of reasoning will apply to any other 
two proportions. Thus, if the first terms in the above 
proportions were one third, or one fourth, or one fifth, 

* The tines over iib-\-ae, AB-{- AC, &.c., mark that ab-\-ac, 
AB -f- AC, &c., are but single lines composed of the two parts, ab, 
ac, and AB, AC. 



(jO GEOMETRV^. 

« 

&,c,, of the corresponding second terms^ the sum of all 
the first terms would also be one third, or one fourth, or 
one fiflh, &c., of the sum of all the second terms ; and 
the same would be the case with regard to the sum of the 
third and fourth terms. It is also evident, that our prin- 
ciple would still hold true, if, instead of two proportions, 
we had three, four, or more proportions given, of which 
two and two have a common ratio. If, for instance, we 
had the three proportions 

ac : AC = ah : AB 
ab : AB = be : BC 
be : BC = ae : AC, 

we should, according to our principle, have 



be + ab + ae : BC + AB + AC z=ac-\- be + ab 

: AC + BC + AB. 

Each of the three lines, 6c, ab, ac, would be one half of 
its cortesponding second term ; and in the same way 
would each of the three lines, ac, be, ab, be one half of 
its corresponding fourth term ; and, therefore, the sum of 
the three lines, be, ab, ae, or, which is the same, a line 
as great as the three lines, be, ab, ac, together, would be 
one half of the sum of the three lines, BC, AB, AC, or a 
line as great as the three lines, BC, AB, AC, together ; 
and the same would be the case with the sum of the third 
and fourth terms. And in like manner can this principle 
Be extended to four, five, six, and more proportions. 

5th. Another principle, which it is important to recol- 
lect, is, that 6y adding the second term of a proportion 
once, or any number of times, to the Jirst term, and the 
fourth term the same number of times to the third term, 
you will still have a proportion. To give an example : 
In the proportion 
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AB:ab=zAC : ac, 
let there be added the second term ab, in the first place, 
once to the first term AB ; and the fourth term ac also 
once to the third term AC. Our proportion is then 

changed into 

II ■ 

AB -{-ab : ab=z AC -f- oc : ac, 

in which the first term, AB -f- ob, instead of being onljr 
twice as great as ab, is now, by the addition of the term 
ab itself, three times as great as ab ; and for the same 
reason is AC -f- ac three times as great as ac. The two 
new ratios, 

AB -|- ab : a5, and 

AC -|- ac : ac, 

are therefore equal, and consequently make a proportion. 
The same would be the case, if, instead of adding the 
second and fourth terms o»cc, you would add them twice 
respectively to the first and third terms ; with the only 
difference, that the first term, AB -\- 2ab, would then be 
four times as great as the second term ab. A similar 
change would take place with regard to the third term, 
AC -|- 2ac, which would then be four times as great as 
the term ac ; and you would have the proportion 

AB + 2a6 : ab = AC + 2ac : ac. 
If the second term were added three times to the first 
terra, the first term, AB -j- 3a6, would be five times as 
great as a6; and the third term, AC-j-3ac, would also 
be five times as great as ac ; and so on. 

In precisely the same manner you may prove that, by 
adding the first term once, or any number of times, to the 
second term, and the third term the same number of times 
to the fourth term, the result will still be a proportion. 
Thus, our proportion 

6 
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AB : a6 r=: AC : ac, 
may be changed into 



AB:a6 + AB = AC rac + AC, 
or into' 

AB : ab + 2 AB = AC : ac-f-2AC, &c. 

It is also evident that the same principle will hold of any 
other geometrical proportion.* 

6th. I^or the same reason that the second term of a 
geometrical proportion may be added once or any number 
of times to the first term, and the fourth term the same 
number of times to the third term, without destroying the 
proportion ; the second term may also be subtracted once 
or any number oftimssfrom the first term, provided the 
fourth term is the same number of times subtracted from 
the third term, and the result unU still be a proportion. 

If, in the geometrical proportion 

AB : ab =z AC : ac, 
the first term ( AB) is twice as great as ab, and AC twice 
as great as ac, we shall, by subtracting ab from AB, and 
ac from AC, make the two terms in each ratio equal ; 
and we shall have a new proportion, 

AB — ab : abziz AC — ac : ac. 

* The teacher had better show this to the pupil, particularly 
as the. above mode of demonstrating this principle admits of an 
ocular demonstration by measurements. For if the teacher uses 
lines for the terms of his proportions, and not abstract numbers, 
which are always more difficult to be comprehended, he can actu- 
ally perform these additions, by extending the line AB, for 
instance, to once or twice the length of the line ab, and then show, 
by measuring these lines, that the first term is really as many 
times greater than the second term, as the third term is greater 
than the fourth term. . In this manner the demonstrations will not 
only be perfectly geometrical, but also have the advantage of the 
inductive method. 
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If AB were three times as great as a6, AC would, of 
sourse, be three times as great as ac ; and therefore, by 
subtracting aft from AB, and etc from AC, the first term 
(AB — ah), in the last proportion, would be twice as 
great as a5; and for the same reason would AC — ac, be 
twice as great as €ic. In the same manner may this 
principle be applied to every other geometrical propor- 
tion ; and it may also be proved, that, by subtracting the 
first term of a geometrical 'profportion once or any number 
of times from the second term, and the thitd term the same 
number of times from the fourth term, the proportion wiU 
not be destroyed. 

7th. If all the terms of a geometrical proportion are 
multipUed or divided by the same number, the proportion 
remains the same. 

For an example, we will again take the proportion 

AB : ab = AC : ac, 
in which ab is half of AB, and ac half of AC. Then it 
is evident, that a line, which is, for instance, ten times 
as long as ab, that is, a line which contains the line ab 
ten times, is still half of a line which contains the line 
AB ten times ; and in like uanner is a line ten times as 
long as ac still half of a line ten times as long as AC ; 
consecjuently the proportion 

10 AB : lOo&^ilOAC : lOoc 
is the same as 

AB : db = AC : ac, 
because in both proportions the first term in each ratio is 
double of the second term. 

Neither would our propwtion change, if, instead of 
multiplying each term by 10, we were to multiply it by 2, 
by 3, by 4, &c., or even by fractions ; for the reasoning 
would, in every one of these cases, be precisely the same 
as in the case of our multiplying by ten. 
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It is also easy to apply the same principle to any other 
geometrical proportion. 

If, instead of multiplying each term of the proportion 

AB : ab = AC : ac, 
we divide it by ten, it is evident that the tenth part of 
the line ab will still be half of the tenth part of the line * 
AB ; and so will the tenth part of the line ac be half 
of the tenth part of the line AC ; consequently the pro- 
portion 

tVAB : tV«^ = tVAC : -^jyoc 
is still the same as 

AB : ah z= AC : ac ; 
and the same reasoning may be applied to the division 
by any other number, and to any other geometrical pro- 
portion. 

8th. If three terms of a proportion he gii^en, the fourth 
term can easily be found. Let there be the three terms 
of a proportion, 

-' AB : ab = AC : 

to which the fourth term is wanting. Then, by knowing 
how many times the line ab is smaller than the line AB, 
or, which is the same, whatever part of the line AB the 
line ab is, you can easily take the same part of the line 
AC, which will be the fourth term of your proportion. 
If you know, for instance, that the line ab is one half of 
the line AB, you would at once conclude, that the re- 
quired fourth term in your proportion must be one half 
of the line AC : this is, as we know, really the case with 
our proportion, where the fourth term ac, which we sup- 
posed here to be unknown, is really one half of AC. If 
ab were one third of AB, you would conclude that your 
fourth term must be one third of AC ; and so on. If, 
instead c^ the fourth term, another, for instance the 
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second term, were unknown, you could find it in a man- 
ner similar to the one just given. For, one ratio being 
expressed, you will always know the relation which the 
term you are to find must bear to the term with which it 
is to ^rm a ratio. 

9th. Geometrical proportions are also frequently made 
use of in common Arithmetic, and in Afgehra, You can 
say of the two numbers 3 and 6, that they are in propor- 
tion to the numbers 4 and 8 ; because 3 are as many 
times contained in 6, as 4 in 8, which may be expressed 

thus: 

3:6 = 4:a 

For this reason, if four lines are in a geometrical pm- 
porti(m, their length, expressed in numbers of rods, feet, 
&c., will be in the same proportion. 

10th. It is to be remarked^ thai in emry geometricat 
proportion^ expressed in numbers,* the product obtained 
by multiplying the two mean terms together, is eifuai 
to the product obtained by multiplying the two extreme 
terms. In the above proportion, 3 : 6 = 4 ^. 8, for i»* 
stance, we have 3 times 8 equal to 6 times 4. For, the 
first of our extreme terms, 3, being exactly as many times 
smaller than the first of our mean terms, 6, as the second 
of our extreme terms, 8, is greater than the second of 
our mean terms, 4 (namely, twice) ; what the multiplier 
3, in the one case, is smaller than the multiplier 6, in the 
other, is made up by the multiplicand 8, which is as many 
times greater than the multiplicand 4, as the multiplier 3 
is smaller than the multiplier 6 ; and in a similar manner 

* For we cannot multiply lines together, but merely the abstract 
numbera, which express their relative length. 

6* 
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we could prove the same of any other geometrical pro- 
portion. To give but one more example : In the pro- 
portion 

2:4 = 3:6, 
we have, again, twice 6 equal to 4 times 3 ; because the 
first multiplier, 2, is exactly as many times smaller than the 
second multiplier, 4, as the first multiplicand, 6, is greater 
than the second multiplicand 3 (namely, twice).* 

If both ratios of our proportion were inverted, as, for 
instance, 4 : 2=: 6 : 3, our principle would still prove to be 
correct. For we have again 4 times 3 equal to twice 6. 
The only difierence consists in the mean terms having 
now become the extreme terms, and vice versa. If we 
change the order of the means and extremes, their pro- 
ducts remain still the same. For 3 times 8 are the same 
as 8 times 3 ; and 6 times 2 the same as twice 6. 

When, in a geometrical proportion, the two mean 

terms are equal to one another, either of them is called a 

mean proportional between the two extremes. Thus, in 

the proportion 

4:6 = 6:9, 

6 is a mean proportional between 4 and 9. 

What you have learned of geometrical proportions 
will enable you to understand every principle in plane 
Geometry ; we will therefore continue our inquiries into 
the principles of geometrical figures. 

* The teacher may illustrate this principle by a balance ; show- 
ing that 2 weights, of 6 pounds each, are in equilibrium with 4 
weights of 3 pounds each. The weights in this example, 6 pounds 
and 3 pounds, are the multiplicands, and their number 2 and 4 are 
the respective multipliers. 
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QUERY XIV. 

If you divide one side, AB, 
of a triangle, AJBC, into any 
number of equal parts, for 
instance four, and then, from 
the points of division D, F, H, 
draw the lines DE, FG, HK, A. 
parallel to the side AC, what 
remark can you make unth regard to the other side BC? 

A. That the other side, BC, is divided into as many 
equaipcarts as the side AB, 

Q. How can you prove this ? 

A. By drawing the lines DL, FM, HN, parallel to the 
side BC, the triangles, BDE, DFL, FHM, HAN, are all 
equal to one another. For, comparing, in the first place, 
the two triangles, BDE, DFL, we see that the side BD 
is equal to DF (because we have divided the line AB 
into equal parts) ; and the angle x is equal to the angle z, 
because these angles are formed by the two parallels DL 
and BC, being intersected by the straight line AB (Query 
10, Sect I.) ; and the angle y is equal to the angle w, 
because y and w are formed, in a similar manner, by the 
two parallels, DE, FG, being intersected by the same 
straight line AB : cohsequently we have one side, DB, 
and the two adjacent angles x and y, in the triangle BDE, 
equal to one side DF, and the two adjacent angles, z and 
w, in the triangle DFL ; therefore these two triangles are 
equal to each other (duery 6, Sect I.) ; and the side DL, 
opposite to the angle w, in the triangle DFL, is equal to 
the side BE, opposite to the equal angle y, in the triangle 
BDE ; and in the same manner it can be proved, that 
FM and HN, are also equal to BE. Now, each of the 
quadrilaterals, DELG, FGMK, HKNC, is a parallelo- 
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gram (because the opposite sides are parallel) ; and as 
the opposite sides of a parallelogram are equal, DL must 
be equal to EG, FM to GK, and HN to KC. But each 
of the lines DL, FM, HN, is equal to BE ; therefore, 
each of the lines EG, GK, KC, must also be equal to 
BE ; consequently the line BC is divided into the same 
number of equal parts as the line AB. 

Q. Could you prove the same principle in the case 
where the line AB is divided into five, six, or more equal 
parts ? 



QUERY XV. 

Ify in a triangle, ABC, you draw a 
Une,DE, parallel to one of the sides ^ 
say AC; what relation do the parts 
BD, DA ; BE, EC, into which the 
sides AB and BC are divided, hear 
to each other, and to the whole of the 
sides AB,BC? 

A, The upper parts, BD and BE, 
as well as the lower parts, DA and EC, are in the same 
ratio, in which the whole sides AB, BC, themselves are, 

Q. Why? 

A, Because you can imagine the side AB to be suc- 
cessively divided into smaller and smaller parts, until one 
of the points of division shall have fallen upon the point 
D : then, by drawing, through all the points of division, 
parallel lines to the side AC, the side BC will be 
divided into as many equal parts as the side BA (last 
duery) ; and as the line DE itself will be one of these 
parallels, BE will have as many of these parts marked as 
BD ; and EC as many as DA : and therefore the ratio of 
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the whole of the line B A to the whole of the line BC, must 
be the same as that of BD to BE, or DA to EC. 

Q. How can you express these proportions in writing ? 
A, BA : BC = BD : BE 

BA:BC = DA :EC; 
consequently, also, 

BD:BE = DA:EC 

(3d principle of proportion). 

Q. Is the reverse of the same principle also true ? that 
is, must the line DE be parallel to AC, when the parts 
BD and BE, and DA and EC, are proportional to each 
other, or to the whole of the sides BA» BC ? 

A, Yes. For you need only imagine the side BA to 
be again successively divided into smaller and smaller 
parts, until one of the points of division shall have fallen 
upon D. Then, it is evident that, by drawing, as before, 
through the points of division, parallels to the side AC, 
DE itself must be one of them, if BE shall again have as 
many of these parts marked as BD, and EC as many as 
DA ; for only in this case can BE, BD, and EC, DA, be 
proportional to each other, and to the whole of the sides 
BC and BA. 



Remark. It has already been stated (page 56), that two geomet- 
rical figures cannot be similar to each other, unless they are con- 
structed after the same manner, and have their sides proportional. 
We will now give the strictly geometrical definition of the same 
principle for reetilmear fig^ures. 

In order that two rectilinear figures may he similar to each 
other, it is necessary, 

1st, That both figures should he composed of the same number 
of sides i* 



* This will, of course> always be the case in triangles. 
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2d]y, That the angles in one figure ahatUd be equal to the 
angles in the other, each to each ; 

3dly, That these angles should foUoto each other in precisely 
the same order in both figures ; and, 

4thly, That the sides, which include the equal angles in both 
figures (and which are ther^ore called the corresponding or 
homologous sides*), should be in a geometrical proportion, 

QUERY XVI. 

If, in a triangle^ ABC, you draw 
a line, DE, parallel to one of the 
sides, say AS, what relation does 
the triangle DEC, which is cut off^ 
hear to the whole of the triangle 
ABC? 

A, The triangle DEC is simi" 
lar to the triangle ABC, 

Q, Why? 

A. Because the three angles, x, y, z, of the triangle 
DEC, are equal to the three angles, w, y, t, of the triangle 
ABC, each to each ; (or the angles x and z are respec- 
tively equal to the angles w, t ; because the line DE is 
parallel to AB (Ctuery 10, Sect. I.). This satisfies the 
three first conditions of similarity. Moreover, we have 
the proportion CD : CE =z CA : CB (preceding Query), 
and by drawing DH parallel to the side CB, also the pro* 
portion CD : BH (or ED) — AC : AB ; therefore, the 
three sides of the triangle DEC are proportional to the 
three sides of the triangle ABC, which is the fourth con- 
dition of similarity : consequently these two triangles u*e 
similar to each other. 

* In triangles, the corresponding sides are those which are oppo- 
site to the equal angles. 
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QUERY XVII. 

If the three angles in one 
triangle are equal to the 
three angles in another tri- 
angle, each to each, what 
relation do these triangles 
hear to each other ? 

A. They are similar. 

Q, How can you prove it ? 

A. By applying the triangle ahc to the triangle ABC, 
the angle at c will coincide with the angle at C, and the 
side ca will fall upon CA, and ch upon CB ; and as the 
angles at a and 5, in the triangle a6c, are respectively 
equal to the angles at A and B, in the triangle ABC, the 
side ab will fall parallel to the side AB (Query 8, Sect. 
I.) and we shall have the same case as in the preceding 
Query: consequently, the triangles ahc and ABC will 
be similar to each other. 

Q. Supposing you have a triangle, of which you know 
only two angles, respectively, equal to two angles in another 
triangle, what can you infer with regard to these two 
triangles ? 

A. That they must still be similar to each other. For 
two angles of a triangle always determine the third one 
(page 34, 2d.). 

QUERY XVin. 

Ijf you have two triangles, abc, ABC (see the last 
figure), and only know that one angle at c, in the one, is 
equal to one angle at C in the other, but that the sides, 
which include that angle in both triangles, are in a geo~ 
metrical proportion, what inference can you draw from it ? 

A. That these triangles are again similar to each 
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other. For if you imagine the triangle abc placed, as 
before, upon the triangle ABC, the angle at c will again 
coincide with the angle at C, and the side ca will fall 
upon CA, and cb upon CB ; and as ca and cb are pro- 
portional to CA and CB, the side ab will fall parallel to 
the side AB (Query 15, Sect. II.) ; and we shall once 
more have the same case as in Cluery 16, Sect. II. ; con- 
sequently the triangle abc will be similar to the triangle 
ABC. 




QUERY XIX. 

Let us now consider the case, where all the angles of 
two triangles are unknown; but the three sides of the 
one are in proportion to the three sides of the other; 
what relation will these triangles bear to each other ? 

A. They will still be similar to each other 7 

Q. How can you prove it ? 

A. Let us suppose, for instance, 

that the three sides of the triangle 

abc are in proportion to the three 

sides of the triangle ABC ; that 

is, let us have the proportions 

ac : ab = AC : AB 

ac : cb = AC : CB. 

Then make CD equal to ca, and 

draw through the point D the 

line DE, parallel to AB ; and the 

triangle CDE will be similar to 

the triangle CAB (Cluery 16, 

Sect. II.), and we shall have the 

proportions 

DC:DE= AC : 

DC : CE = AC : 

in which the two ratios, AC : AB, and AC : CB, are the 
same as in the first two proportions ; consequently, com- 




AB 
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paring these two prc^pwtioos with the two prece4iA^ 
ones, we shall have 

DC :DE = ac : ab 

DC : CE = oc : c6 
(see theory of proportions, principle 5d). 

Now, as I have made DC equal to ac, I can write ac 
instead of DC, in the two last proportions ; and they will 
then become 

ac : DE z=zac : ab, 

ac : CE =zac : cb, • 
The upper one expresses, that the line DE is as many 
times greater than ac, as the line ab is greater than the 
same line ac (Definition of geometrical proportions); 
consequently the line DE is equal to the line ab. In 
like manner does the lower one express, that CE is as 
many times greater than ac, as cb is greater than the 
same line ac ; consequently CE is also equal to cb ; and 
the three sides of the triangle DEC, are equal to the three 
sides of the triangle abc, each to each ; therefore these 
two triangles are equal to one another (Query 4, Sect. 
II.) ; and as the triangle DEC is similar to the triangle 
ABC, the triangle abc will also be similar to it. 



Q. WiU you now briefly state the different €€i$es, in 
which two triangles are similar to one another ? 

A. 1st. Wlien the three angles in one triangle are 
equal to the three angles in another, each to each ; and 
also when two angles in one triangle are equal to two 
angles in another, each to each ; beccfuse then the third 
angle in the one is also equal to the third angle in the 
other. 

2dly. When an (jingle in one triangle is equal to an 

angle in another, and the two sides which include that 

7 
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wngh in the one triangle, are in proportion to the two 
sides which include that angle in the other triangle. 

3dly. When the three sides of one triangle are in pro- 
portion to the three sides of another. 



QUERY XX. 

If you have a right-an- 
gled triangle^ ABC, and 
from the vertex A, ofjhe 
right angle, let faU a per- 
pendicular, AD, upon the 
hypothenuse BC, what re- jB 
lotion do the two triangles, 

ABD and ACD, into which the whole triangle is di- 
vided, bear to each other, and to the whole triangle ABC 
itself ? 

A. The two triangles, ABD and ACD, are similar to 
each other, and to the whole triangle ABC. 

Q. How can you prove this ? 

A. The triangle ABD is similar to the whole triangle 
ABC, because the two triangles being both right-angled, 
and having the angle at x common, have two angles in 
one triangle, respectively, equal to two angles in the other 
(page 73, case 1st) ; and for the same reason is the tri- 
angle ACD similar to the whole triangle ABC (both 
being right-angled, and having the angle y common); 
and as each of the two triangles, ABD, ACD, is similar 
to the whole triangle ABC, these two triangles must be 
similar to each other. (Truth II.) 

Q. What important inferences can you draw from the 
principle you have just established? 

A. 1st. In the two similar triangles, ABD and ACD, 
the sides which are opposite to the equal angles, must he 
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in proportion (conditioif 4th of geometrical similarity, 
page 70) ; and we shall therefore have the proportion 

BD: AD=AD:DC;» 
that is, the perpendicular AD is a mean proportional 
between the two parts into which it divides the hypothe- 
nuse. (Theory of proportion, page 66.) 

2dly. From the two similar triangles, ABC, ABD, we 
shall have the proportion 

BD:AB = AB:BC; 
that is, the side AB, of the right-angled triangle ABC, 
is a mean proportional between the whole hypothenuse BC, 
and the part BD, cut off from it by the perpendicular 
AD.i 

3dly. The two similar triangles, ACD and ABC, give 
the proportion 

DC : AC == AC : BC ; 
that is, the other side, AC, of the right-angled triangle 
AC J}, is also a mean proportional betwem the whole 
hypothenuse and the other part, DC, cut off from it by the 
perpendicular AD, 

Remark. The five last queries comprise one of the most im- 
portant parts of Geometry. The principles contained in them are 
applied to the solution of almost every geometrical problem. The 
beginner will therefore do well to render himself perfectly familiar 
with them. 

* The first ratio is formed by the two sides, BD and AD, of the 
triangle, ADB, of which BD is opposite tp the angle z, and AD to 
the angle x ; and the second ratio is formed by the two correspond- 
ing sides, AD, DC, of the triangle ADC ; because the sides AD, 
DC, are opposite to the angles y and u, which are respectively 
equal to z and x, 

t The part BD of the hypothenuse, situated between the ex- 
tremity B of the side AB, and the foot D of the perpendicular AD, 
is sometimes called the adjacent segment to AB. (Legendre'9 
Geometry, translated by Professor Farrar.) 
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RECAPITULATION OF THE TRUTHS CONTAINED IN 

THE SECOND SECTION. 

PART I. 

Ques, Can you now repeat the diiierent principles re- 
8pe(iting the equality and similarity of triangles, which 
you have learned in this section ? 

Ans, 1. If, in two triangles, two sides of the one are 
equal to two sides of the other, each to each, and the 
angles which are included by them are also equal to one 
another, the two triangles are equal in all their parts, that 
is, they coincide with each other throughout. 

2. In equal triangles, that is, in triangles which coin- 
cide with each other, the equal sides are opposite to the 
equal angles. 

3. If one side and the two adjacent angles in One tri- 
angle are equal to one side and the two adjacent angles 
in another * triangle, each to -each, the two triangles are 
equal, and the angles opposite to the equal sides are >also 
equal.* 

4. The two angles at the basis of an isosceles triangle 
are equal to one another. 

5. If the three sides of one triangle are equal to the 
three sides of another, each to each, the two triangles 
coincide with each other throughout ; that is, their angles 
are also equal, each to each. 

6. In every triangle, the greater side is opposite to the 
greater angle, and the greatest side to the greatest angle. 

7. In a right-angled triangle, the greatest side is oppo- 
site to the right angle. 

* This principle, though already demonstrated in the first 
section, is repeated here, in order to complete what is said on the 
equality of triangles. 
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8. When a triangle contains two equal angles, it also 
has two equal sides, &nd the triangle is isosceles. 

9. If the three angles in a triangle are equal to each 
other, the sides are also equal, and the triangle is equi- 
lateral. 

10. Any one side of a triangle is smaller than the sum 
of the two other sides. 

11. If from a point within a triangle, two lines are 
drawn to the two extremities of one of the sides, the 
angle made by those lines is always greater than the 
angle of the triangle which is opposite to that side ; but 
the sum of the two lines, which make the interior angle, 
is smaller than the sum of the two sides which include 
the angle of the triangle. 

12. If from a point without a straight line, a perpen- 
dicular is let fall upon that line, and, at the same time, 
other lines are drawn obliquely to different points in the 
same straight line, the perpendicular is shorter than any 
of the oblique lines, and is therefore the shortest line that 
can be drawn from that point to the straight line. 

13. The distance of a point from a straight line is 
measured by the length of the perpendicular, let fall from 
that point upon the straight line. 

14. Of several oblique lines drawn from a point with- 
out a straight line, to different points in that straight line, 
that one is the shortest, which is nearest the perpendicu- , 
lar, and that one is the greatest, which is farthest from 
the perpendicular. 

15. If a perpendicular is drawn to a straight line, then 
two oblique lines drawn from two points in the straight 
line, on each side of the perpendicular, and at equal dis- 
tances from it, to any one point in that perpendicular, are 
equal to one another. 

16. If a perpendicular is drawn to a straight line, there 
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is but one point in the straight line, on each side of the 
perpendicular, ^uch, that a straight line drawn from at to 
a given point in that perpendicular, is of a given length. 

17. If a perpendicular is drawn to a straight line, there 
. is but one point in the straight line, on each side of the 

perpendicular, from which a line drawn to a given point 
in that perpendicular, makes with the straight line an 
angle of a required magnitude. 

18. If two sides and the angle which is opposite to the 
^greater of them, in one triangle, are equal to two sides 
•and the angle which is opposite to the greater of them in 
another triangle, each to each, the two triangles coincide 

-with each other in all their parts; that is, they> are.^ual 
to each other. 

19. If the hypothenuse and one aide of a idght-angled 
triangle, are equal to the hypothenuse and one side of 
another right-angled triangle, each to each, the two right- 
angled triangles are equal. 

20. If in two triangles two sides of the one are equal to 
two sides of the other, each to each, but the angle in- 
cluded by the two sides in one triangle, is greater than 
the angle included by them in the other, the side ppposite 
to the greater angle in the one triangle, is greater than the 
.side opposite to the smaller angle in the other triangle. 

.21. Every parallelogram is, by a diagonal, divided into 
•two equal triangles. 

22. The opposite sides of a parallelogram are equal to 
each other. 

23. The opposite angles in a parallelogram are equal 
to each other. 

24. By one angle of a parallelogram aliybur angles are 
^.determined. 

25. A quadrilateral, in which the (^posite sides are 
^fespeotirely equal, is a parallelogram. 
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26. A quadrilateral, in which two sides are equal and 
parallel, is a parallelogram. 

27. If from one of the vertices of a rectilinear figure, 
diagonals are drawn to all the other vertices, the figure is 
divided into as many triangles as it has sides less two. 

28. The sum of all the angles in a rectilinear figure, is 
equal to as many times two right angles as the figure has 
sides less two. 



RECAPITULATION OF THE TRUTHS CONTAINED IN 

PART. U. 

1. On Proportions. 

Ques. 1. How is a geometrical ratio determined ? 

Q. 2. What is the ratio of a line 3 inches in length, 
to a line of 12 inches? What, the ratio of a line 2 inches 
in length, to one of 10 inches, &c. ? 

Q. 3. When two geometrical ratios are equal to one 
another, what do they form ? 

Q. 4. What is a geometrical proportion ? 

Q. 5. What signs are used to express a geometrical 
proportion ? 

Q. 6. What sign is put between the two terms of a 

ratio ? 

Q. 7. What sign is put between the two ratios of a 

proportion ? 

Q. 8. What are the first and fourth terms of a geomet- 
rical proportion called ? 

Q. 9. What are the second and third terms of a geo- 
metrical proportion called ? 

Q. 10. What are the most remarkable properties of 
geometrical proportions t 
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Ans. a. In every geometrical proportion the two ratios 
may be inverted, 

b. In every geometrical proportion the order of the 
means or extremes may be inverted. 

c. If two geometrical proportions have a ratio common, 
the two remaining ratios make again a proportion. 

d. If you have several geometrical proportions, of 
which the second has a ratio common with the first, the 
third a ratio common with the second, the fourth a ratio 
common with the third, &c., the sum of all the first terms 
will be in the same ratio to the sum of all the second 
terms, as the sum of all the third terms is to the sum 
of all the fourth terms ; that is, the sums make again a 
proportion. 

e. The second term of a proportion being added once, 
or any number of times, to the first term, and the fourth 
term the same number of times to the third term, they 
will still be in proportion ; and in the same manner can 
the first term be added a number of times to the second 
term, and the third the same number of times to the 
fourth term, without destroying the proportion. 

f. The second term may also be once, or any number 
of times, subtracted from the first term, and the fourth 
from the third term, without destroying the proportion ; 
or the first term may also be subtracted from the second, 
and the third from the fourth — and the result will still be 
a geometrical proportion. 

g. If all the terms of a geometrical proportion are 
multiplied or divided by the same number, the proportion 
remains unaltered, 

h. From three terms of a geometrical proportion the 
fourth term can be found, 
t. If four lines are together in a geometrical propor- 
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tion, their lengths, expressed in numbers of rods, feet, 
inches, &c., are in the same proportion. 

Ar. In every geometrical proportion, the product of the 
two mean terms is equal to that of the two extremes. 

/. When the two mean terms of a geometrical proport 
tion are equal to each other, either of them is called a 
mean proportional between the two extremes. 



QUESTIONS ON SIMILARITY OF TRIANGLES. 

Ques. What other principles do you recollect in the 
second part of the second section ? 

Ans. 1. If one side of a triangle is divided into any 
niimber of equal parts, and then, from the points of 
division, lines are drawn parallel to one of the two other 
sides, the side opposite to the one that has been divided 
will, by these parallels, be divided into as many equal 
parts as the first side. 

2. If, in a triangle, a line is drawn parallel to one of 
the sides, that parallel divides the two other sides into 
such parts as are in proportion to each other and to the 
whole of the two sides themselves ; and the reverse of this 
principle is also true ; namely, a line must be parallel to 
one of the sides of a triangle, if it divides the two other 
sides proportionally. 

3. If, in a triangle, a line is drawn parallel to one of 
the sides, the triangle which is- cut off by it is similar to 
the whole triangle. 

4. If the three angles in one triangle are equal to the 
three angles in another triangle, each to each, the two 
triangles are similar to one another ; and the same is the 
case if only Hdo angles in one triangle are equal to two 
angles in another, each to each. 
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5. If an angle in one triangle is equal to an angle in 
another, and the two sides which include that angle in 
the one triangle are in proportion to the two sides which 
include the equal angle in the other, these two triangles 
are similar to each other. 

6. If the three sides of one triangle are in proportion 
to the three sides of another, the two triangles are similar 
to each other.* 

7. If, in a right-angled triangle, a perpendicular is let 
fall from the vertex of the right angle upon the hypothe- 
nuse, that perpendicular divides the whole of the triangle 
into two parts, which are similar to the whole triangle, 
and to each other. 

8. The perpendicular let fall from the vertex of a right- 
angled triangle upon the hypothenuse, is a mean pro- 
portional between the parts into which it divides the 
hypothenuse. 

9. In every right-angled triangle, each of the sides 
which include the right angle is a mean proportional 
between the hypothenuse and that part of it, which lies 
between the extremity of that side and the foot of the 
perpendicular let fall from the vertex of the right angle 
upon the hypothenuse. 



* The teacher will do well to let the pupil repeat the different 
cases where two triangles are similar to each other. (Page 73.) 



SECTION III. 



OF THE MEASUREMENT OF SURFACES. 

Preliminary Remarks, We determine the length of a line, 
by finding how many times another line, which we take for the 
measure, is contained in it. The line which we take for the 
measure is chosen at pleasure ; it may he an inch, a foot, a fathom, 
a mile, &c. If we have^a line upon which we can take the length 
of an inch 3 times, we say that line measures 8 inches, or is 8 
inches long. In like manner, if we have a line upon which we 
can take the length of a fathom 8 times, we call that line 8 fath- 
oms, &c. To find out which of two lines is the greater, we must 
measure them. If we take an inch for our measure, that line is 
the greater, which contains the greater number of inches. If we 
take a foot for our measure, that line is the greater, which contains 
the greater number of feet, &c. 

To measure the extension of a surface, we make use of another 
surface, commonly a square ( D ), and see how many times it can 
be applied to it ; or, in other words, how many of those squares it 
takes to cover the whole surface. The length of the square side is 
arbitrary. If it is an inch, the square of it is called a square inch; 
if it is a foot, a square foot ; if it is a mile, a square mile, &c. The 
extension of a surface, expressed in numbers of square miles, rods, 
feet, inches, &c., is called its area. 

Remark 2. If we take one of the 
sides of a triangle for the hoMS, the 
perpendicular let fall from the vertex 
of the opposite angle, upon that side, 
is called the altitude or height of the 
triangle. 

If, in the triangle ABC, (Fig. I.) 
for instance, we call AC the basis, the 
perpendicular BD will be its height. If 
the perpendicular BD should fall with- 
out the triangle ABC (as in Fig. II.), 
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we need ouly extend the basis, and then let fall the perpendicular 
BD upon its farther extension CD. 
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If, in a parallelogram, ABCD, we take AD for the baas, any per- 
pendicular, MN, CO, PQ, &c., let fall from the opposite side BC, 
or its farther extension CR, upon that basis, or its farther extension 
DS, measures the height of the. parallelogram. For in a parallelo- 
gram the opposite sides are parallel to each other (see Definitions), 
and all the perpendiculars, let fall from one of two parallel lines to 
die other, are equal (Query 11, Sect. I.). What in this respect holds 
of a parallelogram is applied also to a square, a rhombus, and a 
rectangle ; for these three figures are only modifications of a paral- 
lelogram. (See Definitions.) 

As in every rectangle, ABCD, the adjacent ^, j) 
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sides, AB, BD, are perpendicular to each 
other, it is evident that if AB is taken for the 
basis, the side BD itself is the height of the rectangle. 

Remark Z. We call two geometrical figures equal* to one 
another, when they have equal areas (see preliminary remark to 
Sect. II.). Thus a triangle is said to be equal to a rectangle when 
it contains the same number of square miles, rods, feet, inches, &c.,. 
as that rectangle. 



* The term equivalent would undoubtedly be better ; but as 
there is no generally adopted sign in mathematics to express that 
two things are equivalent without being exactly the same, we are 
obliged to use the term equal. 
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QUERY 1 

If ike basis, AB,ofa rectanr 
gle, ABCD, measures 6 inches, 
and the height, the side BC, 4 
inches, how many square inches 
are there in the rectangle ? 
A. Twenty "four, 
Q. How can you prove this ? 

A. If a rectangle is four inches high, I can divide it, 
hke the rectangle ABCD (see the figure), into four rect- 
angles, each of vehich is one inch high, and has its basis 
equal to the basis of the whole rectangle. And as the 
basis, AB, of the rectangle measures 6 inches, by raising 
upon It, at the distance of an inch from each other, the 
perpendiculars 1, 2, 3, 4, 5, each of the four rectangles 
will be divided into 6 square inches ; and therefore the 
whole rectangle ABCD into 24 square inches. 

Q. How many square inches are 
there in a rectangle, whose basis is 
5, and height 3 incites ? 

A. Fifteen. Because in this case 
I can divide the rectangle into 3 
rectangles of 5 square inches each. 

Q. Supposing the measurements of the first rectangle 
were given in feet, in rods, or in miles, instead of inches, 
how many square feet, rods, or miles would there be in 
the rectangle ? 

A. If its measurements were given in feet, it would 
contain 24 square feet ; if they were given in rods, it 
would contain 24 square rods, &c. ,* for in these cases I 
need only imagine the lines, 1, 2, 3, 4, &c., to be drawn 
a foot, a rod, &c., apart ; the number of divisions will 
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remain the same ; nothing but their size will be altered. 
And the same reasoning applies to the second rectangle.* 

Q, Can you now give a geuerad rule far finding the 
area of a rectangle ? 

A, Yes. Multiply the length of the btisis given in rods, 
feet, inches, S^c, by the height expressed in tmits of the 
same kind. 

Q. Can you now tell me how to find the area of a 
square ? 

A. The area of a square is found by multiplying one 
of its sides by itself. For a square is a rectangle whose 
aides are all equal (see Definitions) ; and the area of a 
rectangle is found by multiplying the basis by an adja- 
cent side. 




QUERY n. 

]^ a parallelogram ABEF 
stands on the same basis, AB, 
as a rectangle, ABCD, and 
has its height equcd to the 
height of that rectangle, what 
relation do the areas of these 
two figures hear to each other ? 

A. The area of the parallelogram ABEF is equal to 
the area of the rectangle A BCD ; therefore I can say 
that the parallelogram ABEF is equal to the rectangle 
ABCD (see remark 3d, Introd. to Sect. III.). 

— _ ' — ' 

* The teacher m»y alao give his pupils a rect- 
angle whose measurements are both given in 
fi«ctions ; for instance, a rectangle of 3*^ inches 
in length and 2^ inches high, and then show by 
the figure that this rectangle measures 6 square 
inches, 2 half square inches, | and ^ of a square inch ; in the whole 
T| square inches, which is the answer to the multiplication of t^ 
by 2*. 
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Q» How can you prove it? 

A. The right-angled triangle ACF has the hypothec 
nuse AF and the side AC, equal to the hjpothenuse BE 
and the side BD,*in the right-angled triangle BDE, each 
to each (AF and BE, AC and DB, being opposite sides 
of the parallelogram ABEF, and the rectangle ABCD, 
respectively) ; therefore these two triangles are equal 
(pi^e 47) ; and by taking from each of the two equal tri- 
angles ACF, BDE, the part DGF common to both, the 
remainders, AGDC, BGFE, are also equal (Truth IV.) ; 
and then, by adding again to each of the equal remainders 
the same triangle ABG, the sums, that is, the rectangle 
ABCD and the parallelogram ABEF are equal to one 
another. (Truth III.) 

Q. What important truths can you irtferfrom the oiu 
you have just demonstrated? 

A, 1st. AU parallelograms, Ufhich have equal hoses and 
heights f are equal to one another; for each of them is 
equal to a rectangle upon the same basis, and of the same 
height. (Truth I.) 

2dly. Parcdlelograms upon equal bases, and between the 
sameparaXUh, are equal to one another; for if they are 
between the same parallels, their heights must be equed, 
(Cluery 11, Sect. I.) 

ddly. The area of a parallelogram is found by muki- 
plying the basis, given in rods, feet, inches, 4*c., by the 
height, expressed in units of the same kind Because the 
area of the rectangle upon the same basis and of the same 
height to which it is equal, is found in the same manner. 

4thly. The area of a rhmbus or loasenge is found Kke 
that of a parallelogram, a lozenge being only apecuRat 
land of parallelogram. 

5thly. The areas of parallelograms are to each other, 
as the products obtained by multiplying the length of the 
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bases of the paraUehgrams hy their heights; because 
these products are the areas of the paraUelograms. 

The parallelogram 
ABCD, for instance, y^ P jg o 
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is to the parallelogram / 

GHEF, as the product Z. 

of the basis AB, by the -^ ^^ ^ ^^ 

height MN, is to the product of the basis GH, by the 
height OP ; because AB multiplied by MN is the area of 
the parallelogram ABCD, and GH multiplied by OP is 
the area of the parallelogram GHEF. This proportion 
may be expressed thus : 

Parallelogram ABCD : parallelogram GHEF = AB 

X MN : GH x OP. 

6thly. Rectangles or parol- 
hlogramSf which have equal 
bases, are to each other as their 
heights. 

For if, in the above propor- -^ ^^ ^ ^^ 
tion, the basis AB is equal to the basis GH, you can write 
AB instead of GH, and thereby change it into 

Parallelograms ABCD : parallelograms GHEF = 
AB X MN : AB X OP ; 
that is, the parallelogram ABCD is to the parallelogram 
GHEF, as AB times the height MN is to AB times the 
height OP ; or, which is the same, as the height MN 
alone is to the height OP alone ; which is written thus : 
Parallelogram ABCD : parallelogram GHEF = 

MN : OP. 

7thly. In precisely the same manner it may be proved, 
that if the heights MN and OP are equcd, the paredlelo^ 
grams ABCD, GHEF, are to each other as their bases; 
which may be expressed thus : 

Parallelogram ABCD : parallelogram GHEF = 

AB . GH. 
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QUERY III. 

If two triangles^ ABC, ABE, stand an the same basis 
AB, and have equal heights CK, EO, i»hai relation do 
the areas of these triangUs hear to each other? 

^ C JO JP 



A. The areas of these trianghs are equal, 

Q, How can you prove it 1 

A, Draw the line AD parallel to BC ; BF parallel tb 
AE ; and through the t^o vertices C and E, the line DF 
parallel to AG (which is possible since the heights GK 
and EG are equal). The area of the parallelogram 
ABCD will be equal to the area of the parallelogram 
ABEF (auery 2, Sect. III.) ; and as the triangle ABC 
is half of the parallelogram ABCD (Qiuery 12, Sect. II.)', 
and the triangle ABE half df the parallelogram ABEF*, 
the areas of these two triangles are also equal to oAe 
another ; for if the wholes are equal, the halves must b€ 
equal ; and in the same way it may be provted that triati-^ 
gles, which have equ€U bases and heights, are equal td 
one another. 

Q. What consequences follow from the principle just 
advanced ? 

A. 1st. Every triangle is h<df of a parallelogram upon 
equal basis and of the same height, (This is evident from 
looking at the figure, and from duery 12, Sect. II.) 

2d. The area of a triangle is half of the area of a 

parallelogram upon the same basis and of the same height'. 

Thus the area of a triangle is found by multiplying its 

8» 
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basis by its hdght, and dimding the product by 2 ;• for 
the area of a parallelogram is equal to the whole product 
of the basis by the height.t 

3d. The areas of triangles upon the same basis and 
between the same parallels are equal; because if they are 
between the same parallels, their heights are equal ; and 
we have the same case as in the last query ; namely, tri- 
angles upon the same basis, and of equal heights. 

4th. The areas of triangles are to each other as the 
products of their bases by timr heights : for the halves of 
these products being the areas of the triangles, the whole 
products must be in the same ratio. Thus the area of 
the triangle ABC is >» 

to the area of the y^ ^ 

triangle EGP, as the y^ \ \ >/|\ 

basis AB multiplied A^ 2r -^ -^ M 

by the height CN, is 

to the basis EG, multiplied by the height PM ; which 

may be expressed thus : 

Triangle ABC : triangle EGP = AB x CN : EG X PM. 

5th. The areas of triangles upon equal bases are to 
each other as the heights of the triangles ; because the 
areas of parallelograms upon the same bases and of the 
same heights, are to each other in the ratio of the heights ; 
and their hakes (the areas of the triangles) must be in 



* Instead of multiplying the basis by the whole height and 
dividing the product by 2, you may multiply the basis by half the 
height, or the height by half the basis. 

t If the basis of a triangle is 8 feet and the height 4 feet, the 
area of the triangle is equal to 4 times 8, divided by 2 ; that is, 
16 square feet ; whereas the rectangle upon 8 feet basis and 4 
feet high, measures 82 square feet, which is double the area of the 
triangle. 
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the same ratio.* Thus if the two triangles ABG, ECF, 

Q 



have their bases AB, EC, equal to each other, we have 
the proportion : 

Triangle ABG : triangle ECF = CM : FN. 
6th. The areas of triangles, which have equal heights, 
are to each other as the ha^es of the triangles. This truth 
follows like the preceding one from the same principle 
established with regard to parallelograms, of which the 
triangles are the halves. (Page 88, 7thly.) 

QUERY IV. 

How do you find the 
area of a trapezoid ? / 

A. Ry multiplying ^ / 

the sum of the two par^ ^ ^ 

aUel sides by their distance, and dividing the product 

by 2, 

Q. How can you prove this ? 

A. By drawing the diagonal AD, the trapezoid ABCD, 
will be divided into the two triangles ACD and ABD. 
The area of the triangle ACD is found by multiplying its 
basis, CD, by its height AF, and dividing the product 
by 2. (Page 89, 2d.) In the same manner we find the 
area of the triangle ABD, by multiplying its basis, AB, 



* This principle and the following one might have been estab- 
lished immediately from the proportion : 

Triangle ABC : triangle EGP = AB X CN : EG x PM, 
in precisely the same manner, as it has been proved for parallelo- 
grams. (Page 88, ethly.) 
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by its height DE, and dividing the product by 2; and 
as the height, DE, of the triangle ABD, is equal to 
the height AF, of the triangle ACD (because DE and 
AF are perpendiculars between the same parallels), we 
can find the area of the two triangles, or of the whole 
trapezoid, ABCD, at once, by multiplying the sum of the 
two parallel lines AB, CD, by their distance AF, and 
dividing the product by 2.* 

QUERY V. 

Haw do you find the area of 
a polygon ABCDEF, or, in 
general, of any other rectiUnear 
figure ? 

A, By dividing it by means 
of diagonals (as in the figure ^-^XBT 

before you), or by any other means into triangles. The 
area of each of these tinanghs is then easily found by the 
rule given (page 89, 2d.) ; and the sum of the areas of 
all the triangles, into which the figure is divided, is the 
area of it. 



* If you multiply two numbers successively by the same number, 
and then add the products together, the answer will be the same 
as the sum of the two numbers at once multiplied by that number. 
Multiply each of the numbers, 6 and 5, for instance, by 4, and 
then add the products, 24 and 20, together, you will have 44 ; and 
adding, in the first place, 6 to 5, and then multiplying the sum, 
11, by 4, you will again have 44. 

Instead of multiplying the sum of the two parallel sides by their 
distance, and then dividing the product by 2, you may multiply, at 
once, half the sum of the two parallel sides by their distance ; or 
the sum of the two parallel ^des by half their distance. 
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QUERY VI. 
If, upon each of the three sides AB, AC, BC, of a 
right-angled triangle ABC, you construct a square, what 
relation do the squares constructed upon the sides AC^ 
BC, bear to the square constructed upon the hypothenuse^ 
AB? 




A, The square ABHK, constructed upon the hypothe- 
nuse AB, equals, in area, the two squares ACDE, 
BCGF, constructed upon the two sides AC, BC 

Q. How can you prove it by this diagram, in which 
the perpendicular CM, is let fall from the vertex C, of 
the right-angled triangle ABC, upon the hypothenuse 
AB, and extended until, in I, it meets the side HK, 
opposite to the hypothenuse ; and DB and CH are 
joined ? 

A, In the first place, I should remark that the two 
sides AB, AD, of the triangle ABD, are equal to the two 
sides AH, AC, of the triangle ACH, each to each (AH 
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and AB, being sides of the same square, ABHK ; and, 
AC and AD, being sides of the square ACDE) ; and 
that the angle DAB, included by the sides AD, AB, is 
also equal to the angle CAH, included by the two sides 
AC, AH (for each of these angles is formed by the angle 
CAB being added to the right angle of a square) ; there- 
fore these two triangles are equal to each other. (Query 1, 
Sect. II.) 

Q. Having proved that the triangle ABD is equal to 
the triangle ACH, what can you infer from it ? 

A, That the area of the square ACDE, is equal to the 
area of the rectangle AHIM. For the area of the triangle 
ABD, is half of the area of the square ACDE ; because 
the triangle ABD stands upon the same basis AD, as the 
square AUDE, and has its height BQ, equal to the height 
AC of that square ; and it has been proved that the area 
of every triangle is half of the area of a rectangle or 
square of equal basis and height. (Page 89, 1st.) For the 
same reason is the area of the triangle ACH, equal to 
half the area of the rectangle AHIM ; for the triangle 
ACH, stands on the same basis AH, as the rectangle 
AHIM, and has its height CO, equal to the height AM, 
of that rectangle ; and as the halves, the two triangles 
ABD and ACH, are equal to each other, the wholes, the 
squares ADEC and AHIM, must also be equal to each 
other. In precisely the same manner I can prove 
from the equality of the two triangles ABG and BCK, 
that the square BCFG is equal to the rectangle MBIK ; 
and because the area of the square ADEC, is equal to 
the area of Ihe rectangle AHIM, and the area of the 
square BCFG is equal to the area of the rectangle 
MBIK ; therefore the siim of the areas of the two rectan- 
gles, AHIM and MBIK, that is, the area of the square 
upon the hypothenuse AB, is equal to the sum of the 
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areas of the squitres eonatructed tipim the two sides AC^ 
BC. 



Remark. For the discovery, of this principle, we are indebted to 
Pythagoras, a famous Greek mathematician. It is a very important 
one, and teaches how to find one of the sides of a right-angled tri- 
angle when the two others are given. If, for instance, the two 
sides AC, BC, of the right-angled triangle ABC, were known to 
measure, one 5, the other 6 inches, the sum of their squares 25 
(5 times 5), and 36 (6 times 6), equal to 61, would be the area of 
the square of the hypothenuse ; and the square root of that number 
would be the hypothenuse AB, itself. If the hypothenuse and one 
of the sides are given, you need only subtract the square of the 
side from the square of the hypothenuse, and then the square root 
of the remainder is the other side. If, for instance, the hypothe- 
nuse of a right-angled triangle were 10 feet, and one of the sides 
6 feet ; the square of the hypothenuse would be 10 times 10, or 100, 
and the square of 6, which is 36, subtracted from 100, leaves 64, 
which would be the sqtiare of the side to be found ; and taking the 
square root of it, which is 8 (because 8 times 8 are 64), you will 
ha^pe the side itself.* 

QUERY VII. 

It has been proved (page 90, 4th), thtxt the areas of 
any two triangles are to each other as their bases mtdti' 
plied by their heights ; can you now find out the relation 
which the bases and heights of similar triangles bear to 
eaeh other ? 

A. i» similar triangles the bases are in proportion to 
the heights. 

Q. How can you prove this ? 



* We shall hereafter give the geometrical solutions of these 
problems. 
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A. Let there be any two similar triangles ABC, AED. 
Place the smaller one ABC, upon the larger AED, in 
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such a way that the angle at A falls upon the angle at A, 
and from the vertices, C and D, let fall the perpendicu- 
lars CM, DO, upon AO. Then the two triangles BCM, 
EDO, are both right-angled, and tlie angle CBM is equal 
to the angle DEO (because in the two similar triangles 
ABC, AED, the angles ABC and AED, are equal to 
each other, and CBM and DEO, make with them, respec- 
tively, two right angles) ; therefore the third angle BCM 
in the triangle BCM, is also equal to the third angle 
EDO, in the triangle EDO, and the two triangles BCM, 
EDO, are similar. (Page 73, 1st.) But in similar trian- 
gles the sides opposite to the equal angles are propor- 
tional, consequently we have 

CM:DO = CB:DE; 
and in the similar triangles ABC, ADE, 

AB : AE =: CB : DE. 

These two proportions have th6 second ratio common ; 
therefore the two first ratios must again make a propor- 
tion (Theory of Proportions, Principle 3d.), namely: 

AB : AE = CM : DO. 

This proportion expresses that the bases AB of the 
smaller triangle ABC, is to the bases AE of the larger 
triangle AED, as the height CM, of the first triangle 
ABC, is to the height DO, of the triangle AED. 
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QUERY Vra. 



From what you heme learned in the preceding query, 
can you determine the proportion which the areas ofsimi* 
iar triangles hear to each other 7 

A, The areas of similar triangles are to each other as 
the squares upon the corresponding sides. 
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Q. How can you prove this, for instance, of the two 
similar triangles ABC, ABD ? 

A. Let us place the smaller triangle ABC upon the 
larger AED, as in the last query; and upon AB and 
AE, construct the squares ABST, AERP. Then the 
triangles ABC, AED, have the same bases AB, AE^ as 
the triangles ABT, AEP, and their heights CM, DO, are 
in proportion to the heights TB, PE, of the triangles 
ABT, AEP (TB and PE being respectively equal to 
ABj AE, which, in the last query, are proved to be pro- 
portional to CM and DO) ; therefore the areas of the 
triangles ABC, AED, are in proportion to the areas of 
the triangles ABT, AEP. (Page 90, 5thly.) But if the 
two triangles ABC, AED, are in proportion to the two 
triangles ABT, AEP, which are the halves of squares 
ABST, AERP, they must also be in proportion to the 
squares themselves ; which may be expressed thus : 

9 
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Triangle ABC : triangle AED = AB X AB : AE X AE, 

and is read : 

The area of the triangle AED is as many times greater 
than the area of the triangle ABC, as the area of the 
square upon the side AE, is greater than the area of the 
square upon the corresponding side AB. 

Q. Can you prove that the same ratio exists also be- 
tween the squares upon the sides AC and AD, and also 
between the two sides CB, DE, of the similar triangles 
ABC, AED ? 

A. Yes. For to prove it of the two sides AC and 
AD, T need only take them for the bases of the two trian- 
gles ; and to prove it of the sides CB, DE, I must take 
CB and DE for the bases ; the reasoning would be the 
same as that I just went through. 

QUERY IX. 

JFVom the ratio which you have proved to exist between 
the areas of similar triangles, can you now find out the 
ratio which exists between the areas of similar polygons f 
(See Definitions.) 




A, Yes. The areas of similar polygons are to each 
other f as the areas of the squares constructed upon the cor^ 
responding sides. The areas of the two similar polygons 
ABCDEF, abcdef for instance, are to each other as the 
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areas of the squares constructed upon the sides AB, ab^ 
or as the areas of the squares upon the sides BC, hc^ &c. 
For, by drawing in the polygon ABCDEF, the diagonals 
AC, AD, AE, and in the polygon abcdef, the correspond- 
ing diagonals, ac, ad^ ae, the triangle ACB, is similar to 
the triangle a&c, the triangle ACD, to the triangle acd, 
&c. ; because, if the whole polygons ABCDEF, abcdefi 
are similar, their similarly disposed parts must also be 
similar ; and the same proportion which exists between 
their parts, must necessarily exist also between the whole 
polygons; consequently, as the areas of the triangles 
ABC, abc, ACD, acd, &c., are in the ratio of the areas 
of the squares constructed upon their corresponding 
sides, the whole polygons must be in the same ratio, 
which may be expressed thus : 

Polygon ABCDEF : polygon abcdef 

= AB X AB : a6 X «*• 



RECAPITULATION OF THE TRUTHS IN THE THIRD 

SECTION. 

Ques, 1. How do you determine the length of a line? 

2. How do you find out which of two lines is the 
greater 1 

3. How can you measure a surface ? 

4. What do you call the area of a surface ? 

5. If you take one of the sides of a triangle for the 
basis, how do you determine the height of the triangle % 

6. How is the height of a parallelogram determined ? 
, How that of a rectangle ? A rhombus ? A square ? 

7. When do you call a triangle equal to a square? 
to a parallelogram ? to a rectangle, &c. ? 



100 GEOBfETRY. 

8. When can you call two geometrical figures equal io 
one another, though these figures do not coincide with 
each other ? 

9. Can you repeat the difierent principles respecting 
the areas of geometrical figures, which you have learned 
in this section 1 

Ans, 1. The area of a rectangle is found by multiply- 
ing its basis, given in miles, rods, feet, inches, &c., by 
its height expressed in units of the same kind. 

2. The area of a square is found by multiplying one 
of its sides by itself. 

3. If a parallelogram stands on the same basis as a 
rectangle, and has its height equal to the height of that 
rectangle, the area of the parallelogram is equal to the 
area of the rectangle ? 

4. The areas of all parallelograms, which have equal 
bases and heights, are equal to one another. 

5. Parallelograms upon equal bases, and between the 
same parallels, are equal to one another. 

6. The area of a parallelogram is found by multiplying 
the basis given in rods, feet, inches, &c., by the height, 
expressed in units of the same kind. 

7. The area of a rhombus or lozenge is found like 
that of a parallelogram. 

8. The areas of parallelograms are to each other, as 
the products obtained by multiplying the bases of the 
parallelograms by their heights. 

9. Rectangles, or parallelograms which have equal 
bases, are to each other as their heights. 

10. Rectangles, or parallelograms which have equal 
heights, are to each other as their bases. 

11. If two triangles stand on the same basis, and have 
equal heights, their areas are equal to one another. 
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12. Every triangle is half of a parallelogram upon equal 
basis and of the same height. 

13. The area of a triangle is half of the area of a par- 
allelogram upon equal basis and of the same height ; and, 
therefore, the area of a triangle is found by multiplying 
the length of its basis by its height, and dividing the 
product by 2. 

14. The areas of triangles upon the same basis, and 
between the same parallels, are equal. 

15. The areas of triangles are to each other, as the 
products of their bases by their heights. 

16. The areas of triangles upon equal bases are to 
each other, as the heights of the triangles. * 

17. The areas of triangles, which ha/ve equal heights, 
are to each other, as their bases. 

18. The area of a trapezoid is found by multiplying, 
half the sum of the two parallel sides, by their distance. 

19. The area of any rectilinear figure, terminated by 
any number of sides, is found by dividing that figure, 
either by diagonals or by any other means, into triangles, 
and then adding the areas of these triangles together. 

20. If, upon each of the three sides of a right-angled 
triangle, a square is constructed, the square upon the 
hypothenuse equals, in area, the two squares constructed 
upon the two sides, which include the right angle. 

21. The bases of similar triangles are to each other, 
as the heights of the triangles. 

22. The areas of similar triangles are to each other, 
as the areas of the squares upon the corresponding sides. 

23. The areas of similar polygons are to each other, as 
the squares constructed upon the corresponding sides. 

9» 



SECTION IV. 

OP THE PROPERTIES OF THE CIRCLE * 

t 
i 

QUERY 1. 

In how many points can a straighi line, CD, meet the 
circumference of a circle f 

A, In two points, 

M, N,*only, For, C ^^^^ ^ ^?^: 1> 

letting fall, from the 
centre of the cir- 
cle, the perpendicu- 
lar OP upon the 
straight line CD, 
there is but one point in the line CD, on each side of 
the perpendicular, such, that a line, drawn from it to 
the point O of the perpendicular, has the length of the 
radius ON. (Page 46, 6thly.) 




QUERY II. 

In what cases do the 
circumferences of two 
circles cut each other 7 

A, When the distance, 
OP, between their cen- 
tres, O and P, is less 
than the sum of their radii, OM, PM, 




* Before entering on this section, the teacher ought to recapitu- 
late with his pupils the definitions of a circle, of an arc, of a chord, 
a segment, &c. 
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QUERY III 

When do two circles 
touch each other exteriorly ? 

A, When the distance, 
OP, between their centres, 
O and P, is equal to the 
sum of their radii OM, 
PM, 

QUERY IV. 

When do two circles touch each 
other interiorly ? 

A, When the distance, OP, be- 
tween their centres, O and P, is 
equal to the difference between 
their radii, OM and PM. 

QUERY y. 

When are the circumferences of 
two circles parallel to each other 1 

A, When they are concentric, 
that is, when they are described 
from the same point, C, as the 
centre. 

QUERY VI. 

If, from the centre, C, of a cir^ 
cfe, a perpendicular, CD, is let 
faU upon a chord, AB, in that 
circle, what relation do the two 
parts, AD, BD, into which the 
chard AB is divided, bear to each 
other ? 
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A. The two parts AD, BD, are equal to each other ; 
that is, the chord AB is bisected in the point D. 

Q. How can you prove this ? 

A, By drawing the two radii AC, BC, the right-angled 
triangle ACD has the hypothenuse AC, and the side CD, 
equal to the hypothenuse BC, and the side CD, in the 
right-angled triangle BCD, each to each ; therefore these 
two triangles are equal (page 47) ; and the side AD, in 
the triangle ACD, is equal to the side BD in the equal 
triangle BCD. 

Q. What other truths can you infer from the one you 
have just established? 

A, h A straight line, drawn from the centre of a circle 
to the middle of a chord, is perpendicular to that chord, 

2. A perpendicular, drawn through the middle of a 
chord, passes, when sufficiently far extended, through the 
centre of the circle. 

3. Two perpendiculars, each drawn through the middle 
of a chord in the same circle, intersect ecu^h other at the 
centre ; for each of them must go through the centre. 

4. The two angles, x and y, which the radii AC, BC, 
drawn to the extremities of the chord AB, make with the 
perpendicular CD, are equal to one emother; for they are 
opposite to the equal sides AD, BD, in the equal triangles 
ADC, BDC. 

QUERY Vn. 

]f the two chords, AD, AB, 
are equal to each other, what re^ 
mark can you make with regard 
to the arcs AD, AB, subtended^ 
by these chords ? 

A. The two arcs, AB, AD, 

* The arcs AD, AB, standing on the chords AB, AD, are said to 
be subtended by these chords. 
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subtended hy the equal chords ^ AB, AD, are equal to 
one another. 

Q. Why? 

A, This follows from the perfect uniformity with 
which a circle is constructed. For, if the chord AB is 
placed upon its equal, the chord AD, the arcs, AB and 
AD, must coincide with each other ; because every point 
in both these arcs is at the same distance from the centre, 
C, of the circle. 

Remark, It is to be observed that each chord subtends tu>o 
arcs, one of which is smaller , and the other greater than the semi- 
circumference, both together completing the whole circumference. 
In speaking of an arc, subtended by a chord, we always mean that 
which is smaller than the semi-circumference. 

Q. What of Iter truths can you infer from the one you 
have just proved ? 

A. 1. That equal arcs stand on equal chords ; for, by 
placing one of the equal arcs AB, AD, upon the other, 
the beginning and end of the two chords AB, AD, and 
therefore the whole chords themselves, coincide with each 
other. 

2. The greater arc stands on the greater chord, and 
the greater chord subtends the greater arc. The chord 
AF, for instance, is greater than the chord AD ; because 
the arc AF, belonging to the greater chord AF, is greater 
than the arc AD, belonging to the smaller chord AD. 

3. Among all the chords, AD, AF, AM, AN, AB, 
4*c., which can be drawn in a circle, the diameter AM is 
the greatest ; because the greatest arc, the semi-circum- 
ference, stands on it. 

Remark, All that has been said of chords and arcs in the same 
circle, holds true also of chords and arcs in equal circles. 
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QUERY Vin. 

What relation do you discover 
between the angles ACB, BCD, at 
the centre, C, of a circle, and the 
arcs AB, BD, intercepted between 
their legs 1 

A. The angles ACB, BCD, at 
the centre, are to each other in the 
same ratio as the arcs AB, BD, of the circumference, 

Q. How can you show this ? 

A, I divide the whole of the arc AD successively into 
smaller and smaller parts, until one of the points of 
division shall have fallen upon B. Then, it is evident 
that by drawing to the points of division the radii Cm, 
Cn, Co, &c., the angles ACB and BCD are divided into 
as many equal parts as the arcs AB, BD (for the sectors 
ACm, mCn, nCB, &rC., will all coincide with each other, 
when they are placed upon one another) ; and therefore 
the same ratio which exists between the arcs AB, BD^ 
exists also between the angles ACB, BCD. In our figure, 
we have the ratio of the arc AB to the arc BD as 3 to 6 ; 
and the same ratio (as 3 to 6) exists also between the 
angles ACB and BCD at the centre of the circle ; that 
is, the arc BD is as many times greater than the arc AB, 
as the angle BCD is greater than the angle ACB (Def. 
of Geom. Proportions). 

What inference can you draw from the truth you have 
just advanced ? 

Ans. 1. If the arcs AB, BD, are equal to one another, 
the angles ACB, BCD, at the centre, are also equal to 
one anotJicr ; for they are in the same ratio as the arcs 
AB, BD (namely, then, in the ratio of equality). 
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2. If tJie angles ACB, BCD, at the centre^ are equal 
to (me another y the arcs AB, BD, are also equal to one 
another ; because they are to each other in the same ratio 
as the angles at the centre. 



Remark 1. It has already been stated (note to page 12), that 
angles are measured by ares of circles, described with any radius 
between their legs. The reason is now apparent; for the arcs 
intercepted between their legs are in proportion to the angles at 
the centre. 

Remark 2. If the circumference of a circle is divided into 860 
equal parts, called degrees ; each degree agun into 60 equal parts, 
called minutes; each minute again into 60 equal parts, called 
seconds, &c.; it is easy to perceive, that the magnitude of an angle 
does not depend upon the length of the arc intercepted between 
its legs ; but merely upon the nvanher of degrees^ minutes, sec- 
ondsy &c., it measures of the circumference of the circle of which 
it is a psut. 

Thus, if the angle BAG meas- 
ures 8 degrees by the arc MN, 
it measures the same number of 
degrees by the arc OP, the same 
number of degrees by the arc CB, A 
&c., although the degrees them- 
selves vary In size. 

Remark 3. As the sum of all the angles around the same point 
is equal to 4 right angles (page 24), the sum of all the angles 
around the centre of a circle is also equal to 4 right angles ; there- 
fore the circumference of a circle is the measure of 4 right angles ; 
the semi-circumference that of 2 right angles, and the arc of a 
quadrant, that of one right angle. If the circumference of a circle 
is divided into 360 degrees, 90 of them are the measure of 1 right 
angle, 180 that of 2 right angles, and 360 that of 4 right angles. 
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QUERY DC 

If a straigU line is drawn prn^ 
pendicular to the extremity A, of 
the radius AC, in how many 
points wiU that line meet the cir- 
cwnference of the circle 7 

A, In one only (namely, the 
point A) ; and therefore the line 
DE is a tangent to the circle, 
(See Def. page 15.) 

Q. But why can the line ED 
have no other point common with the circumference t 

A. Because the perpendicular AC is the shortest line 
which can be drawn from the point C, the centre of the 
circle, to the straight line ED (page 44) ; therefore every 
other line, CG, CF, CD, drawn from the centre, C, to the 
straight line ED, will be greater than the radius AC; 
consequently every point in the line ED, except the point 
A itself, is without the circle. 

Q. And what other truths can you infer from the one 
last established ? 

A, \, A radius or diameter, drawn to the paint of 
tangent, is perpendicular to the tangent. 

2. A line drawn through the point of tangent perpen- 
dicular to the tangent, passes, when sufficiently far ex- 
tended, through the centre of the circle. 



I 
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QUERY X. 



1) - 




What relation does the angle ACB, measured hy the 
arc AB hear to the angle j, formed hy the tangent BD 
and the chord AB, which subtends the arc AB ? 

A, The angle ACB, at the centre of the circle^ is 
twice as great as the angle y, formed hy the tangent BD, 
and the chord AB, 

Q. How can you prove this ? 

A, From the centre of the circle, let fall the perpen- 
dicular CI upon the chord AB, and extend it until it 
meets the circumference in K. Then the angles w and 
z, and consequently the arcs AK, KB, are equal to one 
another (page 104, 4thly). We have further the triangle 
BIC right-angled, and therefore the two angles x and z, 
together, equal to a right angle (page 34, 7thly) ; and 
because the tangent DB is perpendicular to the radius 
CB, the angles x and y are together also equal to a right 
angle ; therefore the angle z is equal to the angle y 
^ Truth III, page 21) : and as the angle z is half of the 
angle ACB, the angle y (its equal) hi also half of the 
angle ACB. 

Q. And what remark can you make with regard to the 
arcBK? 

A. That the arc BK, which measures the angle z, may 
he taken also for the measure of the angle y {its equal) ; 

10 
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and as the arc BS^ is half of the arc AB, the angle j, 
made by the 'tangent BD and the chord AB, may likewise 
he measured by half the arc AB. 

Q. What do you mean by saying that half the arc AB 
measures the angle y ? 

A. That if the arc AB is given in degrees, minutes, 
seconds, d&c, the angle y measures half as many degrees, 
minutes, seconds, ^c, as the arc AB. Thus if the arc 
AB were 12 degrees and 30 minutes, the angle y would 
qieasure 6 degree^ and 15 minutes. 



QUERY XI. 




-i; 



What relation does the angle w, formed by the two 
radii CA, CF^ bear to the angle y, formed by the two 
chords AB, JPB, if the legs of both these angles stand on 
the extremities of the same arc AF ? 

A, The angle Yf, formed by the two radii CA, CF, is 
twice as great as the angle y, formed by the two chords 
AB, FB. 

Q, How can you prove it? 

A, Drawing in the point B a tangent, DE, to the 
circle, the ^gles ^, y, z, being together equal to two 
right angles (Query 4, Sect. I.), wiil have for their 
me^if^e half .tbe cir^^imfecenee of the circle (page 107, 
remark 3d). Now, the angle z, formed by the tangent 
J)B ^d t^e chord AB, is measured by half the arc AB, 
^ l\f^.l^^n fP]:QVi^d in the last query; and lor the same 



GEOMETRY. 



llli 



reason is the angle z measured by half the arc BF ; and 
therefore the remaining angle y is measured by half the 
arc AF ; because half of the arc AF makes with half of 
the arcs AB and BF, half the circumference. But the 
angle, w^ at the centre is measured by the wlwle arc AF ; 
therefore the angle xf> is twice as great as the angle y. 

Q. What important trutJis can you infer from the one 
you have just learned? 

A. That every angle made by two chords at the dr* 
cumference of a circle, measures half as many degrees^ 
minutes y seconds, Sfc, as the arc on the extremity of which 
these chords stand, 

2. The angles x," y, x, cd the 
circumference, having their legs 
standing on the extremities of the 
same arc, AOB^ are all equal to 
one another; because each of 
them is measured by half the arc 
ACB.» 




QUERY XII. 

If two chords, A3, CD; in the 
same circle, are parallel to each 
other, what relation do the arcs, 
AC, BD, intercepted by them, on 
both sides of the circumference, 
bear to each other ? 

A. The arcs AC, BD, are equal to each other. 

Q. How can you prove it ? 

A. Joining AD, the alternate angles x and y are equal 
to one another (Query 10, Sect. I.) ; therefore the arcs 




* The arc ACB is designated by three letters, ia order to dis- 
tinguish it from the upper arc AB. 
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AC and BD, measured by the halves of these angles, are 
also equal to one another. 

QUERY XIII. 

If from the same point. Ay 
without a circle, you draw a 
tangent, ABytothe circle, and, 
at the same time, anotJier line, 
AC, cutting the circle, what ^ 
relation exists between the tan" 
gent AB, and the line AC, which cuts the circle 7 

A. The tangent AB is a mean proportional (Theory 
of Prop., page 66), between the whole line AC and the 
part AD, which is without the circle. 

Q. How can you prove it ? 

A, By joining BD and BC, the triangle ABD is simi- 
lar to the whole triangle ABC ; because the angle at A 
is common to both triangles, and the angle y in the tri- 
angle ABD, is equal to the angle x, in the triangle ABC 
(both angles being measured by half the arc BD*) ; 
therefore we have the proportion 

AD: ABz=AB: AC, 
where the tangent AB is a mean proportional between 
the whole line AC and the part AD without the circle. 

(The sides AD and AB, in the triangle ABD, are 
opposite to the angles y and z in the same triangle, and 
the sides AB and AC, in the triangle ABC, are opposite 
to the angles x and CBA, which are respectively eq^a^ to 
the angles y and z.) 



* The angle x is formed at the circumference "by the two chords 
BC and DC, whose extremities stand on the arc BD (Query 11, 
Sect. IV.) ; and the angle y is formed by the tangent BA, and the 
chord BD, which subtends the arc BD. (Query 10, Sect IV.) 
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If two chords, AD, BC, cut eiuh 
other toithin the circle, what relation 
exists between the parts AE, ED, 
BE, EC, into which they mutually 
divide each other ? 

A. The two parts AJ^, ED, are 
in the inverse ratio ofth^ two ports 
BE, EC; that is, we shaj^ hqve the propffftion 

EC:EA=:ED:ER» 

Q. How can you prove it,? 

A, Joining AC and ^E>> ^ft apglq, u? i? equals t^ t^ 
angle z ; because each of the^^t^ang)^> w, ^^mea8|^*e8 
half as many degrees as the arc AB^; fp^ tl^et .^a^Qye^n 
is the angle x equal to the angle y ; b^a^^^ eac^ o^ tl^ese 
angles measures half as many degrQ.^s as the afc C^D 
(Query 11, Sect IV.); and the angles AEC, BED, ar§, 
also equal to each other, being opposite ajigles i^jt the ver- 
tex (Query 5, Sect. I.); therefore the threct angles of the 
triangle AEC are equal to the three angles of the triangle 
BED, each to each ; consequently these two triangles 
are similar to one another ; and the sides opposite to the 
equal angles, in both triangles, are in the proportion 

EC :EA = ED:EB 
(EC and EA are opposite to the angles x and z in the 
triangle AEC ; and ED and EB are opposite to the an- 



* The ratio ED to £B, is called inverse or inverted, because the 
two parts ED, EB, are not in direct proportion to the two parts 
EC, EA; that is, the part EC of the chord BC, is to the part EA 
of the chord AD, not as the other part EB of the first chord BC, is 
to the other part ED of the chord AD, but as the part. ED of the 
second chord Is to the part EB of the first one. 

10* 



114 



GEOMETRY. 



gles y and w^ which are equal to the angles % and %^ each 
to each). 
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atJE&Y XV. 

If from a pointy A, toitkout a circle , 
two lines J AB, AC, are drawn, cuU 
ting the circle; what relation exists 
between the lines AB, AC, and their 
parts AD, AE, without the circle ? 

A, The whoh lines, AB, AC, are 
to each other in the inverse ratio of 
their parts, AD, AE, without the dr- 
cU ; that is, we have the proportion, 

^B : AC z= AE : AD (see the note to page 113). 

Q, Why is this so ? 

A, If you join BE and DC, the two triangles ABE 
and ADC are similar to each other ; because two angles 
in the one are equal to two angles in the other, each to 
each (page 73, 1st) ; the angle at A, namely, is common 
to both, and the angles at B and C are equal ; because 
they have the same measure (half the arc DE) ; and as 
in similar triangles the sides opposite to the equal angles 
are in proportion, we have 

AB: AE=AC: AD,» 
or, by changing the order of the mean terms (principle 2d 
of proportion), 

AB : AC=AE : AD, 
as above^ 



* The teacher will do well to show his pupils again, that the 
sides AB and AE are the corresponding sides to AC and AD ', 
because they are opposite to the equal angles in the triangles. 
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Remark 1. A regular polygon is a rectilinear figure which has 
all its angles and all its sides equal to one another. 

Remark 2. A rectilinear figure is said to be inscribed in a 
circle, when the vertices of all the angles of that figure are at the 
circumference of the circle. 

Remark 3. A rectilinear figure is said to be circumscribed 
about a circle, when every side of that figure is a tangent to the 
circle; 

QUERY XVI. 

If you divide the circumference 
of a circle into any number of 
equal parts, for instance into 6 
parts, and then join the points A. 
of division by the chords A3, 
BC, CD, DE, EF, FA, what 
remark can you make respecting 
the rectilinear figure, ABCDEF, which will be inscribed 
in the circle ? 

A, The figure thus inscribed in the circle is a regular 
polygon, 

Q. How can you prove this ? 

A. The circumference of the circle being divided into 
equal parts, it follows that the arcs AB, BC, CD, &c., 
and consequently also the chords AB, BC, CD, &c., which 
form the sides of the inscribed figure, are equal to one 
another (page 105, 1st) ; and as each of the angles ABC, 
BCD, CDE, &c., has its legs standing on the whole cir- 
cumference less two of the equal arcs, into which the cir- 
cumference is divided, they all measure the same number 
of degrees, and consequently the angles of the inscribed 
figure are also equal to one another ;• therefore the in- 
scribed figure ABCDEF is a regular polygon. 

* The angle ABC, for instance, has its legs standing on the whole 
circumference less the two arcs AB, BC ; and the angle BCD has 
its legs standing on the whole circumference less the two equal 
arcs BC, CD, &c. 
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Q. If in this mcmner you divide the circumference of a 
circle into 3, 4, 5, 6, 4*c., equal points, what unU he the 
magnitude of each of the arcs AB, BC, CD, S^c. ? 

» 

A, Each of the arcs AB, BC, CD, S^c, will then he 
4> i> i> i> 4'^'> ^f ^^ whole circumference, that is, ^, ^, 
i» i> ^'^•j of 2^ degrees, according as the circumference 
has heen divided into 3, 4, 5^ 6, S^c, parts. 

Q. And what do you ohserve with regard to the angles 
X, y, z, Sf*c., at the centre of the circle, which the radii 
OA, OB, OC, S^c, drawn to the points of division A, 
B, C, D, Sfc,^ make toith each other ? 

A, That these angles, x, y, z, S^c, are aU equal to one 
another; because they are measured by the equal arcs 
AB, BC, CD, &.C. They will therefore measure ^, ^, ^, 
&LC, of 360 degrees, according as the circumference of 
the circle is divided into 3, 4, 5, &rC., equal parts. 



QUERY XVII. 

Can you find the relation which one of the sides of a 
regular inscribed hexagon hears to the radius of that 
circle? (See the figure belonging to the last Gluery.) 

A. The side of a regular hexagon inscribed in a circle, 
is equal to the radius of that circle. 

4 Why? 

A. Because each of the triangles ABO, BCO, CDO, 
&c., is in the first place isosceles, two of its sides being 
radii of the same circle ; and as each of the angles x, 
y, z, &c., at the centre of the circle, measures ^ of 360, 
that is, 60 degrees (last Gluery), it follows that the two 
angles at the basis of each of the isosceles triangles ABO, 
BCO, CDO, &c. (for instance, the two angles w and u, 
at the basis of the isosceles triangle ABO), measure to- 
gether 120 degrees ; because the sum of the three angles 
in every triangle is equal to two right angles, or 180 de- 
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grees, and 60 from 180 leave 120 degrees. Now, as 
the two angles at the basis of every isosceles triangle are 
equal to each other (Gluery 3, Sect. II.) ; each of the 
two angles at the basis of one of the isosceles triangles 
ABO, BCO, DCO, &c., will measure half of 120, that 
is, 60 degrees. But, each of the angles at the centre 
measuring also 60 degrees, the three angles in each of 
the triangles ABO, BCO, CDO, &c., are equal to one 
another ; and therefore these triangles are not only isos- 
celes, but also equilateral; consequently each of the sides 
AB, BC, CD, &c., of the hexagon is equal to the radius 
of the circle. 
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If^ in a regular inscribed 
polygon, you draw from the cen^ 
ire of the circle the radii Oi, 
Ok, Ol, Om, S^c.f perpendicular 
to the chords AB, BC, CD, S^c. ; 
and at the extremities of these 
radii, the tangents MN, NP, 
PQ, 4*c. ; what do you observe 

with regard to the figure MNPQRS, circumscribed about 
the circle 7 

' A. The figure MNPQRS, circumscribed about the 
circle, is a regular polygon, of the same number of sides 
as the inscribed polygon, ABCDEF. 

Q. How can you prove this ? 

A. The chords AB, BC, CD, &c., are perpendicular 
to. the same radii, to which the tangents MN, NP, PQ, 
&c., are perpendicular ; consequently the chords AB, BC, 
CD, &c., are parallel to the tangents MN, NP, PQ, &c. 
(for two straight lines, which are both perpendicular to a 
third line are parallel to each other ; Query 7, Sect. I.) ; 



118 



GEOMETRY. 



and therefore the triangles ABO, BCO, CDO, d&c, are 
all similar to the triangles MNO, NPO, PdO, &c., from 
which they may be considered as cut off, by the lines 
AB, BC, CD, &c. being drawn parallel to the sides MN, 
NP, pa, &c- (Query 16, Sect. II.) Now, as the trian- 
gles ABO, BCO, CDO, &c., are all equal to one another, 
the triangles MNO, NPO, PQ,0, &.c., are all equal to 
one another. And therefore the circumscribed figure 
MNPQrRS is a regular polygon, similar to the one in- 
scribed in the circle. 
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QUERY XIX. 

It has been proved (Query 16, 
Sect. IV.), that a regular poly^ 
gon, of any number of sides, 

may be inscribed in a circle, by AItt;; -^ ^ D 

dividing the circumference of the 
circle into as many equal parts 
as the polygon shall have sides, 
and then joining the points of division by straight lines : 
can you now prove the reverse, that is, that around every 
regular polygon, a circle can be drawn in such a manner, 
that all the vertices of the polygon shall be at the circum* 
fercnce ? 

A. Yes. For I need only bisect two adjacent sides of 
a regular polygon ; for instance, the two sides, AB, BC, 
of the regular polygon ABCDEF ; and in the points of 
bisection, erect the two perpendiculars gO, kO, which 
will necessarily cut each other in a point, O. Then it is 
evident, that by drawing the lines OB, OC, OA, these 
three lines are equal to each other ; for the line OB is 
equal to OC, because the two points B and C are at an 
equal distance from the perpendicular gO (page 45, 
6thly) ; and for the same reason is OB also equal to OA ; 
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because the points B and A are at an equal distance from 
the perpendicular hO 'Thus we have in the two trian- 
gles ABO, BCO, the three sides in the one, equal to the 
three sides in the other ; therefore these two triangles are 
both isosceles and equal to each other. 

Q. But of what use is your proving that the triangle 
ABO is equal to the triangle BGO? 

A, It shows that each of the angles in the polygon is 
bisected by one of the lines OA, OB, OC. For, in the 
first place, we have in the two equal triangles BCO, 
ABO, the angle o equal to the angle z ; therefore the an- 
gle ABC is bisected ; and the angle o is further equal to 
the angle y, and the angle z to the angle v ; therefore 
the angles BCD, and FAB, are also bisected. And 
now I can show that, by drawing from the point O the 
lines OF, OE, OD, to the s^rnaining vertices F, E, D, 
the whole polygon is divided into equal isosceles tri- 
angles. Taking, in the first place, the two triangles, 
AFO and ABO, they have two sides, OA, FA, in the 
one, equal to two sides, OA, AB, in the other, each to 
each ; and as the angle FAB is bisected by the line OA^ 
the two angles v and w are also equal ; consequently, the 
two triangles AFO, ABO, are equal to each other, and 
the angle u is equal to the angle to (Query 3, Sect. II.). 
In precisely the same manner it may be proved that the 
triangles FEO, EDO, are isosceles, and equal to the tri- 
-angle AFO. And as the whole polygon ABCDEF is 
thus divided into equal isosceles triangles, the lines OA, 
OB, OC, OD, OE, Of, are all equal to one another ; and 
therefore, by describing from the point O, as a centre, 
with a radius OA, a circle around the polygon ABCDEF, 
eaoh of the vertices A, B, C, D, E, F, will be in the cir- 
cumference of the circle. 
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Q. What other important consequence foUows from the 
principle you have just proved ? 

A, That in every regular polygon a circle may be 
inscribed in such a manner, that every side of the polygon 
is a tangent to the circle. For if, in the regular polygon 
ABCDEF, you describe with a radius O^ the circumfer- 
ence of a circle, that circumference will touch the middle 
of the sides AB, EC, CD, DE, EF, FA, of the polygon 
ABCDEF ; because the lines Ok, Og, Ol, &,c, are all 
equal to one another, and will therefore be radii of the 
inscribed circle ; and the sides AB, BC, CD, &,c,, being 
perpendicular to the radii Ok, Og, Ol, dz^c, will all be 
tangents to that circle. (Page 108.) 



QUERY XX. 
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WTiai relation do you observe to exist between two regU" 
lar polygons, abcdef, ABCDEF, of the same number of 
sides 7 

A, They are similar to one another, 

Q. How can you prove it ? 

A, By describing a circle around each of the regular 
polygons abcdef ABCDEF, and drawing the radii Oa, 
Ob, Oc, Od, Oe, Of, OA, OB, OC, OD, OE, OF, each 
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of these polygons is divided into as many equal triangles 
as there are sides in the polygon ; and as all the angles, 
Xj y, z, dz^c, formed at the centre of a regular polygon, 
are equal to one another, I can place the centre, O, of 
the polygon abcdefj upon the centre, O, of the polygon 
ABCDEF, in such a manner, that the angles at the cen- 
tre shall all coincide with each other ; namely, so that 
the radius Oa shall fall upon the radius OA, 06 upon 
OB, Oc upon OC, &c. Then, it is evident that the 
sides, a6, be, cd, de, &c., of the smaller polygon, ahcdef^ 
are parallel to the sides, AB, BC, CD, DE, &,c., of the 
greater polygon, ABCDEF ; for the points a, ft, c, rf, c,y, 
and A, B, C, D, E, F, are in the circumferences of con- 
centric circles (Query 5, Sect. IV.) ; therefore the trian- 
gles Oahf Oftc, Ocd, &rC., in the smaller t>olygon, are all 
simUar to the triangles OAB, OBC, OCD, &c., in the 
greater polygon (Cluery 16, Sect. II.) ; consequently the 
whole polygon ahcdef is similar to the whole polygon 
ABCDEF. 

Q. WJiot other truths can you infer from the one you 
have just learned ? 

A,\. The sums of all the sides of two regular polygons 
of the same number of sides are to each other in the same 
ratio as the radii of the inscribed or circumscribed circles. 
For in the two triangles ABO and aho, for instance, we 
have the proportion 

AB : ctb = AO : aa ; that is, 
the side AB is as many times greater than the side oft, 
as the radius AO is greater than the radius ao ; and there- 
fore 6 or any other number of times the side AB, is as 
many times greater than the same number of times the 
side oft, as the radius OA is greater than the radius oa ; 
that is, the sum of all the sides of the regular polygon 
ABCDEF, is as many times greater than the sum of all 

11 
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the sides of the regular polygon dbedef^ as the radius OA 
of the circle, circumscribed about the regular polygon 
ABCDEF, is greater than the radius, oa, of the circle cir- 
cumscribed about the regular polygon ahcdef. In the 
same manner I can prove that the sum of all the sides 
of the regular polygon ABCDEF, is as many times greater 
than the sum of all the sides of the regular polygon ahcdtf, 
as the radius of the circle, inscribed in the regular poly- 
gon ABCDEF, is greater than the radius of the circle 
inscribed in the regular polygon ahcdef. 

Remark. The sum of all the sides of a geometrical figure, that 
is, a line as long as all its sides together, is called the periraeter of 
that figure. The above proportion may therefore be expressed in 
shorter terms ; namely, the perimeters oi two regular polygons of 
the same number of sides, are to each other in the proportion of the 
radii of the inscribed or circumscribed circles. 

2. Tke areas of two regular polygons of the same 
number of sides, are in the same ratio as the squares 
constructed upon the radii of the inscribed or circum^ 
scribed circles. Thus the area of the regular polygon 
ABCDEF, is as many times greater than the area of the 
regular polygon ahcdef, as the area of the square upon 
the radius OA is greater than the area of the square upon 
the radius oa. For the areas of the similar triangles 
ABO, abo, are to each other as the squares upon the 
corresponding sides (the radii OA, oa) ; therefore, any 
number of times (in our figure 6 times) the areas of 
these triangles, that is, the areas of the regular polygons 
ABCDEF, ahcdef themselves, are to each other in the 
same ratio. In the same manner I can prove that the 
area of the polygon ABCDEF is as many times greater 
than the area of the polygon ahcdef as the square upon 
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the circle inscribed in the regular polygon ABCDEF, is 
greater than the square upon the radius of the circle in- 
scribed in the regular polygon abcdef. 



QUERY XXI. 

From what you have Uarrir 
ed of the properties of regular 
polygons^ can you give a rule 
for finding the area of a reg' 
ular polygon 1 

A, Yes> Multiply the sum 
of all the sides {the perimeter) 
by the radius of the inscribed 
circle; the product f divided by % wiU be the area of the 
regular polygon. 

Q. Whyl 

A, Because every regular polygon^ the polygon 
ABGDEiF, for instance, can be divided into as many 
equal triangles, as there are sides in the polygon ; and 
the area of each of these triangles is found by multiply- 
ing the basis, that is, one of the sides of the polygon 
by the height (which, in every one of these triangles, 
is equal to the radius, om, of the inscribed circle), and 
dividing the product by 2 ; therefore the area of the 
whole polygon ABCDEF may at once be found by multi- 
plying the sum of all the sides by the radius of the in- 
scribed circle, and dividing the product by 2.* 



* Instead of multiplying the perimeter by the whole radius, and 
then dividing the product by 2, you may «it once multiply, the 
perimeter by TuxlftYie radius, or the radius by half the perimeter. 
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QUERY XXII. 
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If you bisect each of the arcs AB^ BC, CD^ S^c, 
subtended by the sides AB, BC, CD, Sf*c,, of a regular 
polygon inscribed in a circle ; and then to the points of 
division, m, n, o, p, q, r, draw the lines Am, mB, Bn, nC, 
Co, Sfc, ; what do you observe toith regard to the regular 
polygon, AmBiiCoD^E^Fr, thus inscribed in the circle ? 

A, The regular polygon AmBnCoD^, S^c, has twice 
€is many sides as the regular polygon ABCDEF; for 
the circumference of the circle is now divided into twice 
as many equal parts as before. Thus if the regular 
polygon ABCDEF has 6 sides, the regular polygon 
AmBnCoDp, &c., has 12 sides ; and by bisecting again 
the arcs Am, mB, Bn, &c., I can inscribe a regular poly- 
gon of 24 sides, and so on, by continuing to bisect the 
arcs, a regular polygon of 48, 96, 192, &c., sides. 

Q. And what do you observe with regard to the arcs 
which are subtended by the sides of the polygons, 
ABCDEF and AmBwCoDpEgrFr, inscribed in the circle ? 

A. The arcs, AB, BC, CD, &.C., subtended by the 
sides of the regular polygon ABCDEF, first inscribed in 
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the circle, stand farther off the sides AB, BC» CD, &,c., 
than the arcs Am, rnB, Bit, &/C., from the sides Am, mB, 
Bn, &c., of the regulai^ pdygon of twice the number of 
sides ; consequentlj, if the arcs AB, BC, CD, d&c, were 
drawn out into straight lines, they would differ more 
from the sides AB, BC, CD, &c.^ of the regular polygon 
ABCDEF, first inscribed in the circle, than the arcs Am, 
mB,- B», nC, d&c, would, in this case, differ from the 
sides Am, mB, Bn, &c., of the regular polygon AmBnCo, 
6lc,, of twice the number of sides. 

Q. Now, if, continuing to bisect the arcs, you inscribe 
regular polygons of 34, 48, 96, ld2, d&e. sides, what 
further remark can you make with regard to the arcs 
subtended by the sides 9€theH pdygons? 

A, These arcs differ less in length from the sides 
which subtend them, in pr«^x>rtion as the polygon coDh 
sifits of a greater number of sides ;. because, by continuing 
to bisect the arcs, and thereby to increase the number of 
sides of the inscribed polygcms, the arcs subtended by 
these sides grow nearer and nearer to the sides them- 
selves, and finally the differenee between them will be- 
come imperceptible. 

Q. And what eonclusum com you now draw respecHng^ 
the whole circumference of a circle ? 

A. Thai the circumference of a circle differs very Uttk 
from t/te sum of all the sides of a regular inscribed pol^ 
gon of a great number of sides ; therefore^ if the number 
of sides of the inscribed polygon is very great {several 
thousand for instance), the polygon will differ so Uttk 
from the circle itself, that, without perceptible error, the 
one may be taken for the other, 

11 • 
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QUERY XXin. 

It has been shoum in the last query ^ that a circle may 
be considered as a regular polygon of a very great nunh' 
ber of sides ; what inferences can you now draw with 
regard to the circumferences cmd areas of circles f 




A. 1. TA6 circumferences of two eircJes are in propor- 
tion to the radii of these circles ; that is, a straight line 
as long as the circumference of the first circle , is as many 
times greater than a straight line as long as the circum* 
ference of the second circle, as the radius AB of the first 
circle, is greater than the radius ab of the second circle. 
For if, in each of the two circles, a regular polygon of a 
▼ery great number of sides is inscribed, the sums of all 
the sides of the two polygons are to each other in pro- 
portion to the radii, AB, a6, of the circumscribed circles 
(page 122, 1st) ; and as the difference between the cir- 
cumference of a circle and the sum of all the sides of an 
inscribed polygon of a great number of sides, is imper- 
ceptible (last Cluery), we may say that the circumferences 
themselves are in the same ratio.* 

* The teacher may give an ocular demonstration of this princi- 
ple, by taking two circles, cut out of pasteboard or wood ; and 
measuring their circumferences by passing a string around them. 
The measure of the one will be as many times greater than the 
measure of the other, as the radius of the first circle is greater than 
the radius of the second circle. 
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2. The areas of two circles are in proportion to the 
squares constructed upon their radii; that is, the area of 
the greater circle is as many times greater than the area 
of the smaller circle, as. the area of the square upon the 
radius of the greater circle^ is greater than the area of 
the square constructed upon the radius of the smaller circle. 
For if in each of these circles a regular polygon of a great 
number of sides is inscribed, the difference between the 
areas of the polygons and the areas of the circles them- 
selves will be imperceptible ; and because the areas of 
two regular polygons of the sam6 number of sides are in 
the same ratio as the areas of the squares upon the radii 
of the circles in which they are inscribed (page 122, 
2dly), the areas of the circles themselves are in the ratio 
of the squares upon their radii. 

3. The area of a circle is found hy multiplying the 
circumference of the circle, given in rods, feet, inches, S^c, 
hy half the radius, given in units of the same kind. Be- 
cause a circle differs so little from a regular inscribed 
polygon of a great number of sides, that the area of the 
polygon may, without perceptible error, be taken for the 
area of the circle. Now the area of a regular polygon 
inscribed in a circle, is found by multiplying the sum of 
all the sides by the radius' of the inscribed circle, and 
dividing the product by 2 (page 123) ; therefore the area 
of the circle itself is found by multiplying the circumfer- 
ence (instead of the sums of all the sides of the inscribed 
polygon) by the radius, and dividing the product by 2. 
For it has been shown in the last Cluery,'that the sides 
of a regular inscribed polygon grow nearer and nearer 
the circumference of the circumscribed circle, in propor- 
tion as these sides increase in number ; consequently, the 
circumference of a circle inscribed in a regular polygon 
of a great number of sides, will also grow nearer and 
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nearer the circumference of the circumscribed circle; 
until finally the two circumferences will differ so little 
from each other, that the radius of the one may, without 
perceptible error, be taken for the radius of the other. 

Remark, Finding the area qf a circle is sometimes called 
squaring the circle. The problem to construct a rectilinear fig- 
ure, for instance a rectangle, whose area shall exactly equal the 
area of a given circle, is that which is meant by finding the qtiad' 
rature of the circle. For the area of any geometrical figure, temd- 
nated by straight lines only, can easily be found by the rule given 
in Query 5, Sect. Ill ; or, in other words, we can always construct 
a square, which shall measure exactly as many square rods, feet, 
inches, &c., as a rectilinear figure of any number of sides. 

Now it is easy to show, that there is nothing absurd in the idea 
of constructing a rectilinear figure, for instance a rectangle, whose 
area shall be equal to the area of a given circle. For let us take a 
semicircle ABM, and let us for a mo- 
ment imagine the diameter AB to 
move parallel to itself between the 
two perpendiculars AI, BK. It is 
evident that when the diameter AB Is 
very near its original position, for in- 

stance in CD, the area of the rectangle A6CD is smaller than the 
area of the semicircle ABM ; but the diameter continuing to move 
parallel to itself in the direction from A to I, there will be a point 
in the line AI, where the area of the rectangle ABIK is greater 
than the area of the semicircle ABM. Now as there is a point in 
the line AI, below the point I, in which the area of the rectangle 
ABCD is smaller than the area of the semicircle ABM, and as the 
diameter, by continuing to move in the same direction, makes in 
different points C, E, G, &c., of that same line, the rectangles 
ABCD, ABEF, ABGH, &c., whose areas become greater and 
greater, until finally they become greater than the area of the 
semicircle itself; there must evidently be a point in the line AI, 
in which a line drawn parallel to the diameter AB, makes with it 
and the perpendiculars AI, BK, a rectangle, which, in area, is 
equal to the semicircle ABM ; and as there is a rectangle which, 
in area, is equal to the semicircle ABM, by doubling it, we shall 
hove a rectangle which, in area, is equal to the whole circle. 
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Neither is it difficult to find the area of a circle mechanically. 
For the arpa of a circle being found by multiplying the circum- 
ference by the length of the radius, and dividing the product by 2 
(page 127, 3dly), we need only pass a string around the circumfer- 
ence of a circle, and then multiply the length of that string by the 
length of the radius ; the product divided by 2 will be the area of 
the circle. Having thus found the comparative length of the 
radius and circumference of one circle, we might determine the 
circumference, and thereby the area of any other circle, when 
knowing its radius. For the circumferences of two circles being 
in proportion to the radii of the two circles, we should have three 
terms of a geometrical proportion given ; viz, the radii of the two 
circles, and the circumference of the one ; from which we might 
easily find the fourth term (Theory of Proportions, page 64,8thly), 
which would be the circumference of the other circle. 

But the expressions of the circumference and area of a circle, 
thus obtained by measurement, are never so correct as is required 
for very nice and accurate mathematical calculations ; we must 
therefore resort to other means, such as geometry itself furnishes, 
to calculate the ratio of the radius or diameter to the circumfer- 
ence ; and herein consists the difficulty of the quadrature of the 
circle. For if the ratio of the radius to the circumference is once 
determined, we can easily find the circumference of any circle, 
when its radius is given ; and knowing the circumference and the 
radius, we can find the area of the circle. 

To calculate the ratio of the diameter to the circumference, 
mathematicians have compared the circumference of a circle to 
the sum of all the sides of a regular inscribed polygon of a great 
number of sides ; for it has been shown (page 125), that the cir- 
cumference of a circle differs very little from the sum of all the 
sides of such a polygon. 

For this purpose they took a regular inscribed hexagon, each 
of the sides of which is equal to the radius of the circumscribed 
circle. (Query 17, Sect. IV.) For the sake of convenience they 
supposed the diameter of the circle equal to unity ; the radius and 
therefore the side of a regular inscribed hexagon is then i, and 
the sum of all the sides (6 times ^) equal to 3. This is the first 
approximation to the circumference of a circle. 

From the side of a regular inscribed hexagon, it is easy to find 
that of a regular inscribed polygon of 12 sides. Supposing, for 
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instance, tfaa chord CD to be the side of a i^gular inscribed hex- 
agon, by bisecting the arc CD in B, the chords BC, BD, will be 
two sides of a regular inscribed poly- 
gon of 12 sides, the length of which 
can easily be calculated when the 
chord CD and the radius AC are once 
known. For the radius AB which 
bisects the arc CD, makes the angles 
X and y, which are measured by the n] 
arcs DB, BC» equal to each other; 
and therefore A£ is perpendicular to 
the chord DC, and bisects it in E. 
(Page 104, 4thly.) 

Now the radius, AC and EC (half 
of CD), being known, the hypothenuse and one of the ^des of the 
right-angled triangle A£C are giyen, whence it is easy to find the 
other side.AE, by the rule given in the remark, page 95. Thus if 
the radius is supposed to be i, the side CD of the inscribed hexa- 
gon is also equal to ^ ; and EC (half of CD) is |. Taking the 
square of ^ from that of i, and extracting the square root of the 
remainder, we obtain the length of the side A£, which, subtracted 
from the radius AB, leaves the length of BE. Now we can find 
the side BC in the right-angled triangle BCE, by extracting the 
square root of the sum of the squares of BE and EC (see the re- 
mark, page 96) ; and one of the sides of the regular inscribed polygon 
of 12 sides being once determined, we need only multiply it by 12, 
in order to obtain the sum of all its sides, which is the second 
approximation to the circumference of the circle. In precisely the 
same manner can the side, and consequently also the sum of all 
the sides of a regular inscribed polygon of 24 sides be obtained, 
when that of a regular inscribed polygon of 12 sides is once 
known; which is the, third approximation to the circumference. 
Thus we might go on finding the sum of all the sides of a regular 
inscribed polygon of 48, 96, 192, &c., sides, until the inscribed 
polygon should consist of several thousand sides : the sum of all the 
sides would then difier so little from the circumference of the cir- 
cle, tliat, without perceptible error, we might take the one for the 
other. 

In this manner the approximation to the circumference of the 
circle has been carried further than is ever required in the minutest 
and most accurate mathematical calculations. 
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The beginning 


of tins extremely tedious calculation gives the 


following results : 






Tuti or fh« dr* 


BidMordwiMcribed 


Sum of alltbeudMofth* 


aiBifnciMiB« 


polTgn. 


iawribed polygon. 


6 


0,6 


8 


12 


0,258819 


8,105828 


24 


0,130526 


3,132628 


48 


0,065403 


3,139348 


96 


0,032719 


3,141033 


192 


0,016361 


8,141446 



It is not necessary to carry this calculation any farther, since 
analysis furnishes us with means to obtain the same results in a 
much easier manner. 

In nearly the same manner has Loudolph tan Ceulen 
found the ratio of the diameter to the circumference of a circle 
to 82 decimals. (See his ' Arithmelische en Geom. Fundamenten, 
page 163. Leiden. 1616 ;* also his work * De Circulo et Adscriptis, 
c. 10. Leiden. 1619.'*) 

Archimedes found the ratio of the diameter to the circumfer- 
ence as near 7 to 22. 
Fraitciscus Vieta found it as 1 to 3,1415926586. 
AnRiAirufl RoMAR-xrs added the following decimals 

89798. 
LoTTDOLPH TAN Getti^en added further 

28846264888827960288. 
Sbarp added again 

41971698998761068209749445028078, 
To which Machiit further added 

164062862089986280348258421170679, 
And lastly Lagivt increased them by 

821480865182828066470988446. 
In a manuscript in the library at Oxford, this number is still 
further extended by 29 decimals, namely, 

460956061822817253594081284802. 

* The first work which Loudolph tait Ceulen published on 
this subject, bears the title ' Van den Circkel, daer in Gheleert 
wird te vinden de naeste proportie des Cirkels-Diameter tegen 
synen Omloop. Leiden, d. 20 Sept. 1596.' The work is dedicated 
to Prince MoRix or Oraitob. 
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So that the most accurate ratio of the diameter to the ciicum- 
ference is at present as 

1 to 3,1416926636897932384626433832795028841971693993751 
0682097494459230781640628620899862803482634211706 
79S2148086513282306647093844646095606182231725359 
4081284802. 

The last ratio is so near the truth, that in a circle, whose diame- 
ter is one hundred million times greater than that of (he sun, the 
error would not amount to the one hundred millionth part of the 
hreadth of a hair. 

In general, when the calculations need not be very minute and 
accurate, 7 decimals will suffice. Thus we may consider the ratio 
of the diameter to the circumference to be 

as 1 to 3,1415926 ; that is, 
if the diameter of a circle is 1, its circumference is 3,1416926 ;* 
consequently if the diameter is 2, or the radius 1, the circum- 
ference will be twice 3,1415926, eqUal to 6,2831862. Dividing 
this number by 360, we obtain the length of a degree ; dividing 
the length of a degree by 60, we obtain the length of a minute ; 
and that again divided by 60, gives the length of a second, and so 
on. In this manner we obtain the length of 

1 degree equal to 0, 01745331 

1 minute " " 0,0002909 

1 second " " 0,0000048 

1 third « « 0,0000001 

Having once determined the circumference of the circle whose 
radius is 1, we can easily find the circumference of any circle, 
when its radius is given ; for we need only multiply the number 
6,2831852 (that is, the circumference of a circle whose radius is 1), 
by the radius of the circle whose circuQmference , is ' tg ^be found ; 
the product will beJt^>e?^ircumference sought. Thus if it is required 
to find the ch?cumiference of a circle^ wJiM^e.ra^M****^^ inches, we 
need only multq^ the number 6;285iaHL^^X 6 ?• the product 
37,6991112 is the 'circumference of that 

If it be required to^lE^.the length of an arc of a given number 
-i.- , . 

* The number 3,1415926 ift^sometimes represented by the Greek 
letter it. Thus the circumference of a circle, whose radius is 1, 
may be represented by 2n. 

t The last figure in these expressions has been correeted. 
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of ddgfdes, minutes, seconds, &c., in a given circle, we need only 

multiply 

the degrees by 0,0174533 

the minutes by 0,0002909 
the seconds by 0,0000048, &c ; 
the difilerent products added together give the length of an arc of 
the same number of degrees, minutes, seconds, &c., in the circle 
whose radius is 1 ; and multiplying this product by the radius of 
the given circle, we shall have the length of the arc sought. If, 
for instance, it be required to find the length of an arc of 6 degrees 
and 2 minutes, in a circle whose radius is 5 inches, we in the first 
place multiply 0,0174533 by 6, and 

0,0002909 by 2; the products of 
these multiplications, 0,1047198 > , , 

and 0,0005818 \ ^<ied together, 

give 0,1053016, which is the length of an arc of 
6 degrees and 2 minutes in the circle whose radius is 1, and tiiki 
last product (0,1053016), multiplied by 5, gives 0,6265080, wlucfa is 
the length of an arc of the same number of degrees and minutes of 
a cfrcle whose radius is 5 inches. 

Now that we are able to find the circumference, or an arc of the 
circumference of any circle, when knowing its radius, nothing 
can be easier than to calculate the area of a circle, of a sector, a 
segment, &c. 

The area of a circle beijig found by multiplying the circumfer- 
ence by half the radius, or by multiplying half the circumference 
by the whole radius (page 127, 3dly), we need only take the number 
3,1415926, which is half the. circumference of the circle whose 
radius is 1, and multiply it by the radius of the given circle ; the 
product willbe half the circumference of the given circle, which 
multiplied- again by the radius, gives us the area of it. Thus if it 
is required td«fij:)4> the area of a circle whose radius is 5 inches, we 
multiply the numbefril4i6926 twice in succession by 5, that is, 
we multiply it hythe^uare of 5 ;* the product 78,5398150 is the 
area sought. Hence follows the general rule : 

In order to find the area of a circle, multiply the number 
3,1415926 by the square^ of the radiUs. 

* Multiplying a number twice in succession by 5, is the same as 
multiplying that number by 25 ; which is the square of 5 ; because 
6 times 5 are 25. 

12 
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If the radiuB is given in rods, the answer will be square rods ; if 
giren in feet, the answer will be square feet, if in seconds, square 
seconds, and so on. The area of a semicircle is found by dividing 
the area of the whole circle by 2. In the same manner we find 
the area of a quadrant by dividing the area of the whole circle 
1»y 4, au:. 

The area of a sector BCAD is found by 
iDultipljring the length of the arc CDA by 
half the radius, or we may first find what 
part of the circumference the arc CDA is ; 
whether a third, a fourth, a fifth, &c., and 
then divide the area of the whole circle D 
whose radius is BC, by 3, 4, 5, &c., according 
«8 the arc CDA is |, i, &c., of the whole 
circumference. If we are to find the area 
of the segment CDA, we must first find the 
area of the sector BCDA ; then the area of the triangle ABC ; 
which, subtracted fit>m the area of the sector BCDA, will leave 
the area of the segment CDA. 




RECAPITULATION OF THE TRUTHS CONTAINED IN 

THE FOURTH SECfriON, 

Q. Can you now repeat the different relations which 
exist between the different parts of a circle and the 
straight lines, which cut or touch the circumference ? 

A. 1. A straight line can touch the circumference 
only in one point. 

2. When the distance between the centres of two cir- 
cles is less than the sum of their radii, the two circles 
cut each other. 

3. When the distance between the centres of two cir- 
cles is equal to the sum of their radii, the two circles 
touch each other exteriorly, 

4. When the distance between the centres of two 



GEOMETRY. 195 

circles is eqaal to the difference between their radii, the 
two circles touch each other interiorly, 

5. When two circles are concentric, that is, when they 
are both described from the same point as a centre, the 
circumferences of the two circles are parallel to each 
other. 

6. A perpendicular, let fall from the centre of a circle, 
upon one of the chords in that circle, divides that chord 
into two equal parts. 

7. A straight line, drawn from the centre of a circle 
to the middle of a chord, is perpendicular to that chord. 

8. A perpendicular, drawn through the middle of a 
chord, passes, when sufficiently far extended, through the 
centre of the circle. 

9. Two perpendiculars, each drawn through the mid- 
dle of a chord in the same circle, intersect each other at 
the centre. , 

10. The two angles which two radii, drawn to the 
extremities of a chord, make with the perpendicular let 
fall from the centre of the circle to that chord, are equal 
to one another. , 

11. If two chords in the same circle, or in equal cir- 
cles, are equal to one another, the arcs subtended by 
them are also equal ; and the reverse is also true ; that 
is, if the arcs are equal to one another, the chords which 
subtend them are also equal. 

12. The greater arc stands on the greater chord, and 
the greater chord subtends the greater arc. 

13. The angles at the centre of a circle are to each 
other in the same ratio, as the arcs of the circumference 
intercepted by their legs. 

14. If two angles at the centre of a circle are equal to 
one another, the arcs of the circumference, intercepted 
by their legs, are also equal ; and the reverse is also true ; 
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that is, if the two arcs intercepted by the legs of the two 
angles at the centre of a circle, are equal to one another, 
these angles are also equal. 

15. Angles are measured by arcs of circles, described 
with any radius between their legs. The circumference 
is, for this purpose, divided into 360 equal parts, called 
degrees; each degree into 60 equal parts, called min- 
utes ; each minute, again, into 60 equal parts, called sec- 
onds, &c. 

16. The magnitude of an angle does not depend on 
the length of the arc intercepted by its legs; but merely . 
on the number of degrees, minutes, seconds, &c., it 
measures of the circumference. 

17. The circumference of a circle is the measure of 4 
right angles ; the semi-circumference that of 2 right an- 
gles ; and a quadrant that of 1 right angle. 

18. A straight line drawn at the extremity of the 
diameter or radius, perpendicular to it, touches the cir- 
cumference only in one point, and is therefore a tangent 
to the circle. 

19. A radius or diameter drawn to the point of tangent, 
is perpendicular to the tangent. 

20. A line drawn through the point of tangent, per- 
pendicular to the tangent, passes, when sufficiently far 
extended, through the centre of the circle. 

21. The angle, formed by>a tangent and a chord, is 
half of the angle at the centre, which is measured by the 
arc subtended by that chord ; therefore the angle, formed 
by the tangent and the chord, measures half as many 
degrees, minutes, seconds, &c., as the angle at the 
centre. 

22. The angle which two chords make at the cir- 
cumference of a circle, is half of the angle made by 
two radii at the centre, having its legs stand on thr 
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extremities of the same arc ; therefore every angle, made 
by two chords at the circumference of a circle, measures 
half as many degrees, minutes, seconds, &c., as the arc 
intercepted by its legs. 

23. If several angles at the circumference have their 
legs stand on the extremities of the same arc these 
angles are all equal to one another. 

24. Parallel chords intercept equal arcs of the circum- 
ference. 

25. If, from a point without the circle, you draw a tan- 
gent to the circle, and, at the same time, a straight line 
cutting the circle, the tangent is a mean proportional be- 
tween that whole line, and that part of it which is without 
the circle. 

26. If a chord cuts another toithin the circle, the two 
parts, into which the one is divided, are in the inverse 
ratio of the two parts, into which the other is divided. 

27. If, from a point without a circle, two straight lines 
are drawn, cutting the circle, these lines are to each 
other in the inverse ratio of their parts without the circle. 

28. If the circumference of a circle is divided into 
3, 4, 5, &c., equal parts, and then the points of division 
are joined by straight lines, the rectilinear figure, thus 
inscribed in the circle, is a regular polygon of as many 
sides, as there are parts into which the circumference is 
divided. 

29. If, from the centre of a regular polygon, inscribed 
in a circle, radii are drawn to all the vertices at the cir- 
cumference, the angles which these radii make with each 
other at the centre, are all equal to one another. 

30. The side of a regular hexagon inscribed in a circle, 
is equal to the radius of the circle. 

31. If, from the centre of a circle, radii are drawn, 
bisecting the sides of a regular inscribed polygon, and 

12 • 
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then, at the extremities of these radii, tangents are drawn 
to the circle, these tangents form with each other a regu- 
lar circumscribed polygon of the same number of sides as 
the regular inscribed polygon. 

32. Around every regular polygon a circle can be 
drawn in such a manner, that all the vertices of the poly- 
gon shall be at the circumference of the circle. 

33. Two regular polygons of the same number of sides 
are similar figures. 

34. The sums of all the sides of two regular polygons 
of the same number of sides, are to each other in the 
same ratio, as the radii of the inscribed or circumscribed 
circles. 

35. The areas of two regular polygons of the same 
number of sides, are to each other as the areas of the 
squares constructed upon the radii of the inscribed or 
circumscribed circles. 

36. The area of a regular polygon is found by multii^y- 
ing the sum of all its sides by the radius of the inscribed 
circle, and dividing the product by 3 ; or we may at once 
multiply half the sum of all the sides by the radius of the 
inscribed circle, or half that radius by the sum of all the 
sides. 

37. If the arcs subtended by the sides of a regular 
polygon, inscribed in a circle, are bisected, and chords 
drawn from the extremities of these arcs to the points of 
division, the new figure thus inscribed in the circle, is a 
regular polygon of twice the number of sides as the one 
first inscribed. 

38. The circumference of a circle differs so little from 
the sum of all the sides of a regular inscribed polygon of 
a great number of sides, that, without perceptible error, 
the one may be taken for the other. 

39. The circumferences of two circles are in proportion 
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to the radii of these circles ; that is, a straight line, as 
long as the circumference of the first circle, is as many 
times greater than a straight line as long as the circum- 
ference of the second circle, as the radius of the one is 
greater than the radius of the other. 

40. The areas of two circles are in proportion to the 
squares constructed upon their radii ; that is, the area of 
the greater circle is as many times greater than the area 
of the smaller circle, as the area of the square upon the 
radius of the one is greater than the area of the square 
upon the radius of the other. 

41. The area of a circle is found by multiplying the 
circumference, given in rods, feet, inches, d^c, by half 
the radius, given in units of the same kind. 

42. The circumference of a circle, whose radius is 1, 
is equal to the number 6,2831852 ; and the circumference 
of any other circle is found by multiplying the number 
6,2831852 by the length of the radius. 

43. The length of 1 degree in a circle, whose radius 
is 1, is equal to the number 0,0174533 

The length of 1 minute 0,0002909 

" '* " 1 second 0,0000048 

" ♦* ** 1 third 0,0000001 

44. The length of an arc, given in degrees, minutes, 
seconds, &c., is found by multiplying the degrees by 
0,0174533, the minutes by 0,0002909, the seconds by 
0,0000048, d^c, then adding these products together, 
and multiplying their sum by the radius of the circle. 

45. The area of a circle, whose radius is 1, is equal to 
3,1415926 square units ; and the area of any other circle 
is found by multiplying the number 3,1415926 by the 
square of the radius. 

46. The area of a semicircle is found by dividing the 
area of the whole circle bv 2. 
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47. The area of a quadrant is found by dividing the 
area of the whole circle by 4. 

48. The area of a sector is found by multiplying the 
length of the arc by half the radius. 

49. In order to find the area of a segment, we first 
draw two radii to the extremities of the arc of that seg- 
ment ; then calculate the area of the sector, formed by 
the two radii and that arc, and subtract from it the area 
of the triangle formed by the two radii and the chord of 
the segment : the remainder is the area of the segment. 



SECTION V. 

APPLICATION OF THE FOREGOING PRINCIPLES TO 
THE SOLUTION OF GEOMETRICAL PROBLEMS. 

PART I. 

Problems relative to the drawing and division of 

lines and angles. 

Problem I. To construct an eguilateral triangle upon 
a given straight linsy AB, 

Solution. Let AB be the 
given straight line. 

1. From the point A, as a 
centre, with the radius AB, 
describe an arc of a circle, and 
from the point B, with the ^ 
same radius, AB, another arc cutting the first. 

2. From the point of intersection, C, draw the lines 
AC, BC ; the triangle ABC will be equilateral. 

Demonstratiow. The three sides, AB, AC, BC, of the trian- 
gle ABC, are all equal to each other ; because they are radii of 
equal circles. 

Hemark. In a similar manner can an isosceles triangle be con- 
structed upon a given basis. 

a 
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Problem II. From a given point in a straight line, to 
erect a perpendicular upon that Une. 




I. Solution. Let MN be the given straight line, and 
D the point in which the perpendicular is to be erected. 

1. Take any distance, BD, on one side of the point D, 
and make DA equal to it. 

2. From the point B, with any radius greater than 
BD, describe an arc of a circle, and from the point A, 
with the same radius, another arc, cutting the first. 

3. Through the point of intersection, C, and the point 
D, draw a straight line, CD, which will be perpendicular 
to the line MN. 

DxMoir. The three Bides of the triangle BCD, axe equal to the 
three sides of the triangle ACD, each to each, viz. 

the side BC equal to AC 

«« «« BD " « DA 

« « CD " ««CD; 
therefore the three angles in the triangle BCD are also equal to 
the three angles of the triangle ADC, each to each (page 40) ; 
and the angle x opposite to the side BC in the triangle BCD, is 
equal to the angle y opposite to the equal side AC in the triangle 
ACD ; and as the two adjacent angles, which the line CD makes 
with the line MN, are equal to one another, the line CD is per- 
pendicular to MN. (Definitions of perpendicular lines, page 12.) 
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II. Solution. Let MN be the given straight line, 
and A the point in which the perpendicular is to be 
drawn to it. 

1. From a point, O, as a centre, with a radius, OA, 
greater than the distance O from the straight line MN, 
describe the circumference of a circle. 

2. Through the point B and the centre O, of the cir- 
cle, draw the diameter BC, 

3. Through C and A draw a straight line, which will 
be perpendicular to the line MN. 

Demox. The angle BAG, at the circumference, measures half 
as many degrees as the arc BPC intercepted by its legs (page 111, 
1st) . But the arc BPC is a semi-circumference ; therefore the angle 
BAC, measures a quadrant; consequently the angle BAG is a right 
angle (page 107, Remark 8), and the line AC is perpendicular to 
MN. 



Problem III. To bisect a given angle. 
Solution. Let BAC be the given 
angle. 

1. From the vertex, A, of the angle 
BAC, with a radius, AE, taken at 
pleasure, describe an arc of a circle ; 
and from the two points D and E, 
where this arc cuts the legs of the 
given angle, with the same radius 
describe two other arcs, cutting each 
other in the point m. 




144 



GEOMETRY. 



2. Through the point m, and the vertex of the given 
angle, draw a straight line, Am, which will bisect the 
given angle BAG. 

Demok. llie two triangles AniD, Am£, have the three sides 
in tlie one equti to the three sides in the other, tIz. 

the side AD = to the side AE 
mD=" *» « mE 
Am=:" « «« Am; 



(( 



<c 
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consequently these two triangles are equal to each other ; and the 
angle x, opposite to the side mD, in the triangle AmD, is equal to 
the angle y, opposite to the equal side m£, in the triangle Am£ ; 
therefore the angle BAG is bisected. 




Problem IV. JFrom a given point without a straight 
line, to let fall a perpendicular ttpon that Une, 

Solution. Let A be the 
given point, from which 
a perpendicular is to be 
drawn to the line MN. 

1. With any radius suf* 
ficiently greut describe an 
arc of a circle. 

2. From the two points B and C, where this arc cuts 
the line MN, draw the straight lines BA, CA. 

3. Bisect the angle BAG (see the last Problem), the 
line AD is perpendicular to the line MN. 

Demon. The two triangles ABI>, ACD, have two sides, AB, 
AD, in the one, equal to two sides, AC, AD, in the other, each to 
each (AC, AB, being radii of the same circle, and the side AD 
being common to both) ; and have the angles included by these 
sides also equal (because the angle BAC is bisected); therefore 
these two triangles are equal to one another (Query 1, Sect. II.) ; 
and the angle y, opposite to the side AB, in the triangle ABD, is 
equal to the angle x, opposite to tfad equal side AC, in the trian^e 
ACD. Now, as the two adjacent angles x and y, which tiie straight 
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line AD makes with the straight line MN, are equal to each other, 
the line AD must he perpendicular to MN. (Def. of perpendicu- 
lar lines.) 

Problem V. To bisect a given straight Une, 

Solution. Let AB be the 
given straight line. 

1. From A, with a radius 
greater than half of AB, de- 
scribe an arc of a circle ; and 
from B^ with the same radius, 
another, cutting the first in 
the point C. 

2. From the point C draw 
the perpendicular CM, and the line AB is bisected in M. 

Dkmox. The two right-angled triangles AMC, BMC, are 
equal, because the hypothenuse AC and the side CM in the one, 
are equal to the hypothenuse and the side (JM in the other 
(page 47) ; and therefore, the third side AM in the one, is also 
equal to the third side BM in the other; consequently the line 
AB is bisected in the point M. 

Problem VI. To transfer a given angle. 

Solution. Let x be the 
given angle, and A the 
point to which it is to be 
transferred. 

1. From the vertex of the 
given angle, as a centre, 

with a radius taken at pleasure, describe an arc of a cir- 
cle between the legs AB, AC. 

2. From the point a, as a centre, with the same radius, 
describe another arc, cb» 

3. Upon the last arc take a distance, hc^ equal to the 
chord BC. 

13 
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4. Through a and e draw a straight line ; the angle y 
is equal to the angle x. 

Demoit. The arcs BC, he, are, by construction, equal to one 
another ; therefore the angles x and y, at the centre, being meas- 
ured by these arcs, are also equal to one another (page 10$, 1st). 

Problkm VII. Through a given pmnt draw a line 
parallel to a given straight Une. 




Solution. Let £ be the point, through which a line 
is to be drawn parallel to the straight line AB. 

1. Take any point, F, in the straight line AB, and join 
EF. 

2. In E make the angle y equal to the angle z ; the 
line EG, extended, is parallel to the line AB. 

Demon. The two straight lines CG, AB, are cut by a diird 
line £F, so as to make the alternate angles x and y equal ; there- 
fore these two lines are parallel to each other (page 29, 2dly). 




Mechanicai. SoLtmoN. Take a ruler, MN, and put 
it in such a position that a right-angled triangle, passing 
^ong its edge, as you see in the figure, will make with 
it, in different points, A, C, ^c, the lines AB, CD, &c. 
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TIIM9 liii«t» are parallel to eaeh other> beeaufle they are 
cut by the edge of the ruler at equal angles.* 

Problem VIII. Two tidjacent sides and the angle 
included by them being given, to construct a jparctOekh 
gram, 

A 




C ^ 




J> 



jL 



901.I27ION. Let AB and AC be the two aides of the 
parallelogram, and % the angle induded^by them. 

1. Make an angle equal to %. 

2. Make the leg AB of that angle equal to AB, and 
the leg AC equal to AC. 

3. Through the point C draw CD parallel to AB, and 
through B, the line BD parallel to AC ; the quadrilateral 
ABCD is the required parallelogram. 

DsMoir. The opposite sides of the quadrilateral ABCD, are 
parallel to each other; therefi)re the figure is a parallelogram. 
(See Def. page 13.) 



* This is a better way of drawing parallel lines than the common 
method by a parallel ruler, which is seldom very accurate, oa 
account of the instrument being frequently out of order, and the 
great steadiness of hand reqtdred in the use of it 
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Problem IX. To divide a given line into any number 
of equcd parts. 

I. Solution. Let AB be the 
given line^ and let it be required to 
divide it into five equal parts. 

1. From the point A, draw an 
indefinite straight line AN, making 
any angle you please with the line 
AB. 

2. Take any distance Am, and 
measure it off 5 times upon the line 
AN. 

3. Join the last point of division q^ 
and the extremity B of the line AB. 

4. Through m, n, o, ji, q^ draw the straight limes bm^ 
cn^ doy ep, parallel to B^; the line AB is divided into fire 
equal parts. ' 

The demonstration follows immediately from Query 14, Sect. II. 

II. Solution. Let AB be the 
given straight line, which is to be 
divided into 5 equal parts. 

1. Draw a straight line MN, 
greater than AB, parallel to AB. 

2. Take any distance Mn, and 
measure it off 5 times upon the 
line MN. 

3. Join the extremities of both 
the lines Mr and AB, by the straight 
lines MA, rB, which will cut each 
other, when sufficiently extended, 
in a point I. 

4. Join In, I<>, Ip, I^, the line AB is divided into 5 
equal parts, viz. A&, &c, cd^ de^ eB. 
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Dbmqv. Thft triangles AM, bel, edl, del, eBI, are similar to 
the trianglef MnS^nel, opl^pqly qrl, eaeh to each; because the 
line AB is dT2Lwn parallel to Mr (Query 16, Sect II.) ; and as the 
bases Mn, no, op, pq, ^, of the laitter triangles are all equal to one 
another, the bases A&, be, ed, de, eB of the former triangles must 
also be equal to one another. 

JRemark. If it were required to divide a line into two parte 
which shall be in a given ratio, for instance, as 2 to 3, you need 
only, as before, take 6 equal distances 1:^K>n the line MN, and then 
join the point I to the second and last point of division ; the line 
AB will, in the point e, be divided in the ratio of 2 to 8. In a simi- 
lar manner can any given straight line be divided into 8, 4, 5, &€. 
parts, which shall be to each other in a ^ven ratio. 



Pboblem X. TTtree lines bting given, tejind afoufA 
mUf wMdk shaS he in a geometfieal proportion with them. 

Solution. Let AB, AC, AAA 

AD, be the given straight 
lines, which are three terms 
of a geometrical proportion^ 
to which the fourth term is 
wanting. (See Theory of j^ 

Proportions, Frinciple 8th, 
page 64.) 

1. Draw two indefinite 
straight lines AP, AQ, mak- 
ing with one another any angle you please. 

2. Upon one of these lines measure off the two dis- 
tances AB, AC, and on the other the distance AD. 

3. Join BD, and through C draw CE parallel to BD ; 
the line AE is the fourth term in the geometrical pro- 
portion 

AB:AC = AD:AE. 

DsMOir. The triangle ABD is similar to the triangle ACE, 
from which it may be considered as cut off by the line BD being 

13* 
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drawn parallel to C£ (Query 16, Sect. II.) ; and as in similar tri- 
angles the corresponding sides are in a geometrical proportion 
(page 70, 4thly), We have 

AB: AC=AD: AE. 

Problem XI. Two angles of a triangk being given, 
to find the third one. 

Solution. Let x and y be 
the two given angles of the 
triangle, and let it be requir- 
ed to find the third angle z. 

In any point O of an in- 
definite straight line AB^ 
make two angles x and y, 
equal to the two given angles of the triangle ; the remain- 
ing angle z is equal to the angle z in the triangle. 

Demon. The sum of the three angles x, z^ y, in the triangle, 
is equal to two right angles (Query 13, Sect I.), and the sum of 
the three angles x, y, z, made in the same point O, and on the 
same side of the straight line AB, is also equal to two right angles 
(page 23) ; and as the angles x and y are made equal to the angle 
X and y in the triangle, the remaining angle z is also equal to the 
remaining angle jp in the triangle. 

Remark, If, instead of the angles themselves, their measure 
were given in degrees, minutes, seconds, &c., you need only sub- 
tract the sum of the two angles from 180 degrees, which is the 
measure of two right angles ; the remainder is the angle sought 

Problem XII. Throttgh three given points, which are 
not in the same straight line^ to describe the circumference 
of a circle. 

Solution. Let A, B, C, be the three points, through 
which it is required to pass the circumference of a circle. 

1. Join the three points A, B, C, by the straight lines 
AB, BC. 
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3. Bisect the lines AB, BC. 

3. In the points of bisection E 
and F, erect the perpendiculars 
EO, FO, which will cut each other 
in a point O. 

4. From the point O as a cen- 
tre, with a radius equal to the dis- 
tance AO, describe the circumference of a circle, and it 
will pass through the three points A, B, C. 

Demox. The two points A and B are at an equal distance 
from the foot of the perpendicular £0 ; therefore AO and BO are 
equal to one another (page 46, Sthly) ; for the same reason is BO 
equal to OC ; hecause the points B and C are at an equal distance 
from the foot of the perpendicular FO ; and as the three lines AO, 
BO, CO are equal to one another, the three points A, B, C, must 
necessarily lie in the circumference of the circle described with 
the radius AO. 

Problem XIII. To find the centre of a circle^ or of a 
given arc. 

Solution. Let the circle in the last figure be the 
given one. 

1. Take any three points A, B, C, in the circumfer- 
ence, and join them by the chords AB, BG. 

2. Bisect each of these chords, and in the points of 
bisection erect the perpendiculars EO, FO ; the point O, 
in which these perpendiculars meet each other, is the 
centre of the circle. 

In precisely the same manner can the centre of an arc 
be found. 



The demonstration is exactly the same as in tibe last problem. 



153 



G£Oll£TRV. 



Problem XIV. In a given point in the drevn^erenee 
of a circle, to draw a tangent to that circle^ 

Solution. Let A be the given 
point in the circamference of the 
circle. 

Draw the radius AO^ and at the 
extremity A, perpendicular to it, the 
line MN ; and it is a tangent to the 
given circle. 

Demon. The line MN being drawn at 
the extremity AO of the radius, and per- 
pendicular to it» touches the circumfeience 
in only one point (page 108) 
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Problem XV. JFVom a given point without a drckf 
to draw a tangent to the circle. 

Solution. Let A be the given 
point, from which a tangent is to 
be drawn to the circle. 

1. Join the point A and the 
centre C, of the given circle. 

2. From the middle of the line 
AC as a centre, with a radius equal 
to BC = AB, describe the circum- 
ference of a circle. 

3. Through the points E and D, 
where this circumference cuts the 
circumference of the given circle, draw the lines AD, 
AE ; and they are tangents to the given circle. 

Demok . Join DC, EC. The angles x and y, being both an- 
gles at the circumference of the circle whose centre is B, measure 
each half as many degrees as the arc on which their legs stand. 
Both the angles, x and y, have their legs standing on the diameter 
AC, of the circle B ; therefore each of these angles measures half 
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as many degrees as the semi-circumference (page 107, Rem. 8d) ; 
consequently, ,ihey are both right angles, and the lines A£ and 
DA, being perpendicular to the radii C£, DC, are both tangents 
to the circle C. 

Remark. From a point without a circle, you can always draw 
two tangents to the same circle. 



Problem XVI. To draw a tangent common to two 
given circles. 

Solution. Let A and B be the 
centres of the given circles, and let 
it be required to draw a tangent, 
which shall touch the two circles on 
the same side. 

1. Join the centres of the two 
given circles by the straight line 
AB. 

% From B, as a centre, with a 
radius equal to the difference be- 
tween the radii of the given circles, 
describe a third circle. 

3. From A draw a tangent A£ 
to that circle (see the last problem). 

4. Draw the radius BE, and extend it to D. 

5. Draw the radius AC parallel to BD. 

6. Through C and D draw a straight line, and it will 
be a tangent common to the two given circles. 

DxMOir. The radius AC being equal and parallel to ED, it 
follows that ACED Is a parallelogram ; and because the tangent 
AE is perpendicular to &e radius BE (page 108, 1st), CD is per- 
pendicular to BD ; consequently also to AC (because AC is parallel 
to BD) ; and the line CD, being perpendicular to both the radii 
AC, BD, is a tangent common to the two given circles. 
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If it be required to draw a tangent 
common to two given circles, which 
shall touch them on opposite sides, then 

1. From B as a centre, with a radius 
equal to the 8um of the radii of the given 
circles, describe a third circle. 

2. From A draw a tangent A£ to that 
circle. 

8. Jan BE, cutting the given cfatsle 
inD. 

4. Draw AC parallel to BE. 

6. Through C and D, draw a straight * ' 

line, and It is the required tangent, touching the circles on opposite 
sides. 

The demonstration is the same as the last 




pROBLBM XVII. Upon a given straight liAe to describe 
a segment of a circle, which shaU contain a given angle ; 
that isj a segment, such that the inscribed angles, hamng 
their vertices in the arc of the segment and their legs 
st€mding on its extremities, shaU each be equal to a given 
angle, 

* Solution. Let AB be the 
given line, and x the given 
angle. 

1. Extend AB towards C. 

2. Transfer the angle z to 
tlie point A. 

3. Bisect AB in K 

4. From the points A and 
E, draw the lines AG and EO, 
respectively, perpendicular to FG and CB. 

5. From the point O, the intersection of these parpen- 
dicularsy as a centre, with a radius equal to OA, describe 
a circle ; AMNB is the lequired segment. 
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Dmoir. Tlie line ¥0 being, by oonstniction, perpendiculsr to 
(he rtdiui AO, is a tangent to the circle (page 108) ; and the angle 
OAB, formed by that tangent and the chord AB, is equal to either 
of die angles AMB, ANB, &c., that can be inscribed in the seg- 
ment AMNB ; because the angle GAB measures half as many de- 
grees as the arc ALB (page 109), and each of the angles AMB, 
ANB, &c., at the circumference, having its legs standing on the 
extremities of the chord AB, measures also half as many degrees as 
the arc ALB (page 111) ; and as the angle GAB is equal to the angle 
X, GAB and » being opposite angles at the vertex (Query j^. 
Sect I.), each of the angles AMB, ANB, &c., is also equal to the 
^ven angle x. 

Remark, If the angle ar is a right 
angle, the segment AMB is a semi- 
circle, and the chord AB a diameter. 

To finish the construction, you need .tP. , 

only from the middle of the line AB as -^ 

a centre, with a radius equal to OA, 
describe a semicircle, and it is the re- 
quired segment ; for the angle AMB 

at the circumference measuring half as many degrees as the semi- 
circumference AB, on which its legs stand, is a right angle. 
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Problem XVIII. To find a mean proportional (see 
p«^e 66) to two given straight ttnes. 

Solution. Let AB,BC, ^ j^ j} 

be the two given lines. 

1. Upon an indefinite 
straight line, take the two B 
distances AB, BC. 

2. Bisect the whole dis- 

taO)Ce AC, and from M, the middle of AC, with a radius 
equal to AM, describe a semi-circumference. 

3. In B erect a perpendicular to the diameter AC, and 
extend it until it meets the semi-circumference in D ; the 
line DB is a mean proportional between the lines AB 
andBC, 
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Dbmon. The triangle ADC is right-angled in D ; because flie 
angle ADC is inscribed in a semicircle (see the remark to the last 
problem) ; and the perpendicular DB let fall from the vertex D, of 
the ri^t angle upon the hypothenuse, is a mean proportional be- 
tween the two parts AB, BC, into which it divides the hypothenuse 
(page 75y Ist) ; therefore we have the proportion 

AB:BD=BD:BC. 

Problem XIX. To. divide a given straight line into 
two such parts, that the greater of them shall be a mean 
proportional between the smaller part and the whole of the 
given line. 

Solution. Let AB be the ,-• ••, 

given straight line. 

1. At the extremity B of the 
given line, erect a perpendicu- 
lar, and make it equal to half of 
the line AB. 

2. From O, as a centre, with a radius equal to OB, 
describe a circle. 

3. Join the centre O of that circle, and the extremity 
A of the given line, by the straight line AO. 

4. From AB cut off a distance AD equal to AE ; then 

AD is a mean proportional between the remaining part 

BD, and the whole line AB ; that is, you have the pro* 

portion 

AB: AD = AD:BD. 

Demox. Extend the line AO until it meets the circumference 
in C. Then the radius OB, being perpendicular to the line AB, 
we have from the same point A, a tangent AB, and another line 
AC drawn cutting the circle ; therefore we have the proportion 

AC: AB = AB: AE; 
for the tangent AB is a mean proportional between the whole line 
AC, and the part AE without the circle. (Query 13, Sect. IV.) 

Now, in every geometrical proportion, you can add or subtract 
the second term once or any number of times from the first term. 
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and the fourth term the same number of thnes from the tiiirdtetm, 
-without destroying the proportion (page 62, 6th). According to 
this principle you have 

AC — AB : AB = AB — AE : AE; 
that is, the line AC less the line AB, is to the line AB, as the line 
AB less EA, is to the line AE. But AC less AB is the same as 
the line AC less the diameter C£ (because the radkis of the circle 
is, by construction, equal to half the line AB) ; and AB less AE, 
is the same as AB less AD (because AD is made equal to AE) ; 
therefore yon may write the above proportion also 

AE : AB = BD : AE,» or also 
AD: AB = BD:AD; 
and because in every geometrical proportion the order of the terms 
may be changed in both ratios (Principle 1, of Geom. Prop.), you 
can change the last proportion into 

AB : AD = AD: BD; 
that is, the part AD of the line AB,is a mean proportional between 
the whole line AB and the remaining part BD. 

Problem XX. To inscribe a circle in a given triangle. 

Solution. Let the given ^ 

triangle be ABC. 

1. Bisect two of the angles , ^ 
of the given triangle; for in- 
stance the angles at C and B, ^^ 
by the lines CO, BO. 

2. From the point O, where these lines cut each other, 
let fall a perpendicular upon any of the sides of the given 
triangle. 

3. From O, as a centre, with the radius OP, equal to 
the length of that perpendicular, describe a circle, and it 
will be inscribed in the triangle ABC. 

DxMON. From O let £adl the perpen^culars DM, ON,«ipon 
the two sides BC, AC, of the given triangle. The angle OCM is, 

* AC less the diameter CE, being equal to AE ; and BA less AD, 
equal to BD. 

14 
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by eonfltraetion, equal to the angle OCN (because the angle ACB 
is bisected by tbe line CO) ; and CMO, CNO, being right angles, 
the angles COM and CON are also equal to one another (because 
wlien two angles in one triangle are equal to two angles in another, 
the third angles in these triangles are also equal) ; therefore the 
two triangles CMO, CNO, have a side CO, and the two adjacent 
angles in the one, equal to the same side CO, and the two adjacent 
angles in the other ; consequently these two triangles are equal to 
one another ; and the side OM, opposite to the. angle OCM in the 
one, is equal to the side ON, opposite to the equal angle OCN in 
the other. In the same manner it may be proved that the perpen- 
dicular OM is also equal to OP ; and as the three perpendiculars 
OM, ON, OP, are equal to one another, the circumference of a 
circle described from the point O as a centre, with a radius equal 
to OP, passes ^through the three points M, N, P ; and the sides 
AB, BC, AC of the given triangle, being perpendicular to the radii 
OP, OM, ON, are tangents to the inscribed circle (page 108). 

Problem XXI. To circumscribe a circh about a tri'- 
angle. 

This proMem is the same as to make the circumfer- 
ence of a circle pass through three given points. (See 
Problem XII.) 

Problem XXII. To trisect a right angle. 

Solution. Let BAG be the 
right angle which is to be divid- 
ed into three equal parts. 

1. Upon AB take any dis- 
tance AD, and construct upon 
it the equUateral triangle ADE. 
(Problem I.) 

2. Bisect the angle DAE by the line AM (Problem 
III.) ; and the right angle BAO is divided into the three 
equal angles CAE, EAM, MAB. 
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Demon. The angle BAE being one of ihe angles of an equi- 
lateral triangle, is one third of two right angles (page 88), and 
therefore two thirds of one right angle ; consequently CAE isisnc 
third of the right angle BAG ; and since the angle BAE is bisected 
by the line AM, the angles EAM, MAB, aie each of them also 
equal to one third of a right angle ; and are therefore equal to the 
angle CAE and to each other. 



PART 11. 

Problems relative to the trcmsformations of geomet- 
rical figures. 

Problem XXIII. To transform a given quadrilaterai 
figure into a triangle of equal area, whose vertex shaU 
be in a given angle of the figure, and whose base in one 
of the sides of the figure. 

Fig. I. 





Solution. Let ABCD (Fig. 1. and II.), be the given 
quadrilateral ; the figure I. has all its angles outwards, 
and the figure II. has one angle, BCD, inwards ; let the 
vertex of the triangle, which shall be equal to it, fall in B. 

1. Draw the diagonal BD (Fig. I. and II.), and from 
C, parallel to it, the line CE. 
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Dkmoit. The area of tlie tiiangle BCD (Fig. I. and II.) is 
equal to the area of the triangle BDE ; because these two triangles 
are upon the same basis, BD, and between the same parallels, BD, 
GE (page 90, 8dly) ;■ consequently (Fig. I.), the mm of the areas 
of the two triangles ABD and BDC, is equal to the sum of the 
areas of the two triangles ABD, BDE ; that is, the area of the 
quadrilateral ABCD is equal to the sum of the areas of the two tri- 
angles ABD, BDE, which is the area of the triangle ABE. 

And in figure II. the difference between the areas of the two 
triangles ABD, BCD, that is, the quadrilateral ABCD, is equal 
to the difference between the triangles ABD, EBD, which is the 
triangle ABE. 

Problem XXIV. To transform a given pentagon into 
a triangle, whose vertex shall be in a given angle of the 
pentagon, and whose base upon one of its sides. 

Solution. Let ABCDE (Fig. I. and II.), be the given 
pentagon ; let the vertex of the triangle, which is to be 
equal to it, be in C. 
Fig. I. 
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1. From C draw the diagonals CA, CE. 

2. From B draw BF parallel to CA, and from D draw 
DG parallel to CE. 

3. From F and G, where these parallels cut AE or its 
further extension, draw the lines CF, CG ; CFG is the 
triangle required. 

DsMOir. In both figure^, we have the area of the triangle 
CBA equal to the area of the triangle CFA ; because these two 
triangles are upon the same basis, CA, and between the same par- 
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allels, AC, FB ; and for the same reason is the area of the triangle 
CDE equal to the area of the triangle GGE ; therefore in figure I. 
the sum of the areas of the three triangles CAE, GBA, CDE, is 
equal to the sum of the areas of the triangles CAE, CFA, CGE ; that 
is, the area of the pentagon ABCDE is equal to the area of the 
triangle CFG ; and in figure II. the d^erence between the area 
of the triangle CAE and the areas of the two triangles CBA, CUE, 
is equal to the difference between the area of the same triangle 
CAE, and the areas of the two triangles CFA, CGE ; that is, the 
area of the pentagon ABCDE is equal to the area of the triangle 
CFG. 



Problem XXV. To convert any given ^figure into. a 
triangle, whose vertex shall be in a given angle of the 
Jigure, and whose basis shall fall upon one of its sides. 

Fig. I. FiQ. II. 




Let ABCDEF (Fig. I. and U.) be the given figure 
(in this case a hexagon), and A the angle in which the 
vertex of the required triangle shall be situated. For the 
sake of perspicuity, I shall enumerate the angles and sides 
of the figure fi'om A, and call the first angle A, the sec- 
ond B, the third C, and so on ; fiirther, AB the first side, 
BC the second, DE the third, and so on. We shall then 
have the following general solution. . 

1. From A to all the angles of the figure, draw the 
diagonals AC, AD, AE, which, according to the order 
in which they stand here, call the first, second, and third 
diagonal. 

14* 
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2. Draw from the second angle, B, a line, Ba, parallel 
to the first diagonal, AC ; from the point where the par- 
allel meets the third side, CD (Fig. II.), or its further 
extension (Fig. I.), draw a line, ab, parallel to the second 
diagonal, AD ; and from the point b, where this meets the 
fourth side DE (Fig. II.) or its further extension (Fig. I.), 
draw another line, be, parallel to the third diagonal. 

3. When, in this way, you have drawn a parallel to 
every diagonal, then, from the last point of section of the 
parallels and sides (in this case c), draw the line cA ; 
AcF is the required triangle, whose vertex is in A, and 
whose basis is in the side £F. 

The demonstratioii is similar to the one given in the two last 
problems. First, each of the hexagons is converted into the pen- 
tagon AaDEF ; then the pentagon AaDEF into a quadrilateral, 
AbEF ; and finally this quadrilateral into the triangle AcF. The 
areas of these figures are evidently equal to one another ; for the 
areas of the triangles, which, by the above construction, are sue- 
cessiyely cut off, are equal to the areas of the new triangles which 
are successively added on. (See the demonstration of the last 
problem.) 

JRimark. Although the solution given here is only intended for 
a hexagon, yet it may easily be applied to every other rectilinear 
figure. All depends upon the substitution of one triangle for 
another, by means of parallel lines. It is not absolutely necessary 
actually to draw the parallels ; it is only requisite to denote the 
points in which they cut the sides, or their further extension ; be- 
cause all depends upon the determination of these points. 

Problem XXVI. To transform any given figure into 
a triangle whose vertex shall be in a certain pointy in one 
of the sides of the figure, or within it, and whose base 
shall fall upon a given side of the figure. 
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Solution. 1st Case, Let ABCDEF be a hexagon, 
which is to be transformed into a triangle ; let the vertex 
of the triangle be in the point M in the side CD, and the 

base in AF. 

1. In the first place, get rid of the angle ABC, by 
drawing Ba parallel to CA, and joining Ca; the triangle 
CBa, substituted for its equal the triangle ABa (for these 
two triangles are upon the same basis, aB, and between 
the same parallels, CA, Ba), transforms the hexagon 
ABCDEF into the pentagon aCDEF. 

2. Draw the lines Ma, MF, and the pentagon aCDEF 
is divided into three figures, viz, the triangle MaF, the 
quadrilateral MDEF on the right, and the triangle MCa 

on the left. . . 

3. Transform the quadrilateral MDEF and the triangle 

MCa into the triangles MdF, M6a, so that the basis may 
be in AF (see the last problem) ; the triangle Mbd is 
equal to the given hexagon. 
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2d Case, Let ABGDEF be the given figure ; let the 
vertex of the required triangle be situated in the point M 
within the figure, and let the base fall upon AF. 

1. From M to any angle of the figure, say D^ draw the 
line MD, and draw the lines MA, MF, by which means 
the figure ABCDEF is divided into the triangle MAF, 
and the figures MDCBA, MDEF. 

2. Then transform MDCBA and MDEF into the tri- 
angles McA, MeF, whose bases are in the continuation 
of AF ; the triangle cMc is equal to the figure ABCDEF. 

The demonstration follows from those of the last three problems. 



Problem XXVII. To transform a given rectangh 
into a square of equed area. 




Solution. Let ABCD be the given rectangle. 

1. Extend the greater side, AB, of the rectangle, making 
BM equal to BD. 

2. Bisect AM in O, and, from the point O as a centre, 
with a radius AO, equal to OM, describe a semicircle. 
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3. Extend the side BD of the rectangle, until it meets 
the circle in E. 

4. Upon BE construct the square BEFG, which is the 
square sought. 

Djcmon. The perpendicular BE is a mean proportional be- 
tween AB and BM (see Problem XVIII.) ; therefore we have the 

proportion 

AB:BE = B£:BM; 

and as, in every geometrical proportion, the product of the means 

equals that of the extremes (Theory of Prop., Principle 10, page 

65), we have, the product of the side BE multiplied by itself, equal 

to the product of the side AB of the parallelogram, multiplied by 

the adjacent side BD (or BM). But the first of these products 

is the area of the square BEFG, and the other is the area of the 

rectangle ABCD ; therefore these two figures are, in area, equal 

to one another. 



Problem XXVIII. To transform a given triangle 
into a square of equal area. 
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Solution. Let ABC be the given triangle, AB its 
base, and CD its height. 

1. Extend AB by half the height CD. 

2. Upon AM as a diameter, describe a semicircle. 

3. From B draw the perpendicular BN, which is the 
side of the square sought. 

DsMON. From the demonstration in the last problem, it follows, 
that the square upon BN is equal to the rectangle, whose base is 
AB, and whose height is BM (half the height of the triangle 
ABC). But the triangle ABC is equal to a rectangle upon the 
same base AB, and of half the height CD (pag^ 89, 1st) ; therefore 
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the area of the square B]|if OP is equal to the area of the triangle 
ABC. 

Remark. It appears from this problem* that every rectilinear 

figure can be converted into a square of equal area. It is only 

necessary to convert the figure into a triangle (according to the 

rules given in the problems 28, 24, 26), and then that triangle into 

. a square. 

Problem XXIX. To convert any given triangle into 
an isosceles triangle of equal area. 

Solution. Let ABC be JB n 

the given triangle, which is """^ ""^ 

to be co'nverted into an isos- 
celes one. 

1. Bisect the base AC in 
D, and from D draw the perpendicular DE. 

2. From the vertex, B, of the given triangle, draw BE, 
parallel to the base, AC. 

3. From the point E, where this parallel meets the 
perpendicular, draw the straight lines £A, EC ; EAC is 
the isosceles triangle sought. 

Demox. The triangles AEG and ABC are upon the same basis, 
AC, and between the same parallels (page 90, 8dly). 




Problem XXX. To convert a given isosceles triangle 
into an equilateral one of equal area, (This problem is 
intended for more advanced and elder pupils.) 

Solution. Let ABC be the 
given isosceles tri angles 

!• Upon the base, AC, of the 
given triangle, draw the equilate- 
ral triangle A£C (problem I.) ; 
and through the vertices, E, B, of 
the two triangles, draw the straight JL H D X O 
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line Efi, which evidently is perpendicular to AC, and 
binects the last line in D (ABC, AEC, being isosceles 
triangles). 

2. Upon £D describe the semicircle EFD, and from 
B draw the perpendicular BF, which meets the semi- 
circle in F. 

3. From D, with the radius DF, describe an arc, FG, 
cutting the line DE in G. 

4. From G, draw the lines GH, GI, parallel to the 
sides of the equilateral triangle AEC ; HGI is the equi- 
lateral triangle sought. 

Demon. Since the line GH is parallel to AE, and GI parallel 
to EC, the angle GHI is equal to the angle EAI, and the angle 
GIH to the angle £CH (page 31). Thus the two triangles GHI, 
AEC, have two angles, GHI, GIH, in the one, equal to two an- 
gles, EAC, ECA, in the other, each to each ; consequently they 
are similar to each other (page 78, 1st) ; and the triangle GHI 
must also be equilateral. 

Suppose the lines DF and EF drawn ; then DF is a mean propor- 
tional between DE and DB ; for the triangle EDF is right-angled 
{see the Remark-, page 166) in F, and if from the vertex of the 
right angle, the perpendicular FB is let fall upon the hypothenuse, 
the side DF is a mean proportional between the hypothenuse, ED, 
and the part, BD, of it, between the fisot of the perpendicular, and 
the extremity, D, of the line FD (see page 76, 2dly) ; consequently 
we shall have the proportion 

ED: DF = DF: BD ; 
and as DG is, by construction, made equal to DF, 

ED : DG = DG : BD (I.) 

Moreover, in the two similar triangles, ADE, HDG, the corre- 
sponding sides are proportional (page 70, 4thly) ; therefore we have 
the proportion 

ED : DG = AD : HD (II.) 

This last proportion has the first ratio common with the first pro- 
portion ; consequently the two remaining ratios are in a geometri- 
cal proportion (Theory of Prop., Prin. 3d) ; that is, we have 

AD:HD=:DG:BD; 
and as, in every geometrical proportion, the product of the means i« 
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equal to that of the extremes (Theory of Prop., Principle 10th), we 
have HD multiplied by DG, equal to AD multiplied by BD ; con- 
sequently, also, half^e product of the line HD, multiplied by the 
line DG, equal to half the product of the line AD, multiplied by 
BD. But half the product of the line HD, multipUed by DG, is 
the area of the triangle HDG ; because the triangle HDG is right- 
angled in D, therefore if HD is taken for the basis, DG is its 
height ; and for the same reason is half the product of the line AD 
by BD, the area of the triangle ADB ; consequently the areas of 
the two triangles, ADB and HDG, are equal to one another ; and 
because the triangle HDG is equal to the triangle IDG, and the 
triangle ABD to the triangle CBD, the area of tiie whole triangle 
HIG is equal to the area of the whole triangle ABC ; therefore tfie 
triangle HIG is the required equilateral triangle, which u equal, 
in area, to the given isosceles triangle, ABC. 

Remark 1. If BD is greater than ED, then the perpendicular, 
BF, does not meet the semicircle. In this case, it is necessary to 
describe the semicircle on BD, and from E to draw the perpen- 
dicular. In this case, the points H, I, will not be situated in the 
line AC ; but in its further extension. 

Remark 2. From this and the preceding problems, it appears 
how any figure may be converted into an equilateral triangle ; for 
it is only necessary first to convert the figure into a triangle, this 
triangle into an isosceles triangle, and the isosceles triangle into 
an equilateral one. 

Problem XXXI. To describe a sqiuxre, which in area 
shaB be equal to the sum of several given squares. 

E 

A BC B 




JE 



D 



JL B B 

Solution. Let AB, BC, CD, DE, be the sides of four 
squares ; it is required to find a square which shall be 
equal to the sum of these four squares. 
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1. At the extremity, B, of the line AB^ draw a per^pen- 
dicular equal to BC, aad join AC. 

2. At the extremity, C, of the line AC, draw a perpen- 
dicular equal to CD, and join AD. 

3. At the extremity, D, of the line AD, draw a perpen- 
dicular equal to DE, and join A£ ; the square upon A£ 
is, in area, equal to the sum of the four squares upon the 
lines AB, BC, CD, DE. 

Dbmoit. The square upon the hypothenuse, AC, of the right- 
angled triangle ABC, \a' equal to the sum of Ihe squares upon the 
two sidos AB, BC (Query 6, Sect III.) ; and for the same reason 
is the square upon AD equal to the sum of the squares upon CD 
and AC ; consequently, also, to the squares upon CD, CB, and Afi 
(the square upon AC being equal to the squares upon CB and AB) ; 
and finally the square upon A£ is equal to the sum of the squares 
upon ED and AD ; or, which is the lame, to the sum of the squares 
upon DE, CD, CB, and AB 

Problem XXXII. To describe a square which shallbe 
equal to the difference of two given squares. 

Solution. Let AB, AC 
be the sides of two squares. 

1. Upon the greater side, 

AB, as a diameter, describe 
a semicircle. 

2. From A, within the 
semicircle, draw the line 

AC, equal to the given line AC, and join BC; then CB 
is the side of the square sought. 

Demox. The triangle ABC is right-angled in C, and in every 
right-angled triangle, the square upon one of the sides, which 
include the right angle, is equal to the diflference between the 
squares upon the hypothenuse and the other side. 

15 
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Problem XXX III. To iransfarm a given figure 
in such a way^ that it may he similar to another figure. 




m 

I 



n €1 

Solution. Let X be the given figure, and ABCDEF 
the one to which it is to be similar. 

1. Convert the figure ABCDEF into a square (seethe 
remark, page 166), and let its side be mit, so that the area 
of the square upon mn is equal to the area of the figure 
ABCDEF ; convert, also, the figure X into a square, and 
let its side be pq, so that the area of the square upon pq 
shall be equal to the area of the figure X. 

2. Take any side of the figure ABCDEF, say AF ; 
and to the three lines, wn, pq, AF, find a fourth propor- 
tional (Problem X), which you cut off from AF. Let 
Af be this fourth proportional, so that we have the pro- 
portion 

mn-.pqziz AF : A/. 

3. Then draw the diagonals AE, AD, AC, and the lines 
/c, ed, dc, cb, parallel to the lines FE, ED, DC, CB ; 
then Abcdef will be the required figure, which in area is 
equal to the figure X, and is similar to the figure ABCDEF. 

DsMox. It is easily proved, that the figure Ahedef is similar 
to ABCDEF. Further, we know that the areas of the two similar 
figures, ABCDEF, Abcdtf, are to each other, as the areas of the 
squares upon the corresponding sides AF, A/, (see page 198)* 
which may be expressed, 

ABCDEF : Ahedef =: AF x AF : A/x A// 
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and as the sides AF and A/ are (by construction 2) in proportion 
to the lines mn, pq, the squares upon these sides* and therefore 
the figures ABCDEF, Abcdtf, themselves, are in proportion to the 
squares upon mn^ and jp^; that is, we shall have the proportion 
ABCDEF : Abcdtf=smn XmnipqX pq* 
This proportion expresses, that the area of the figure ABCDEF 
is as many times greater than the area of the figure hhcdtf^ as the 
area of the square upon the line mn is greater than the area kA 
the square upon the line pq ; therefore, as the area of the figure 
ABCDEF is, by constructioD, equal to that of the square upon the 
line mn, the area of the figure Ahcdtf is equal to that of the 
square upon the line pq. But the square upon pq is made equal 
to that of the figure X ; therefore the area of the figure AJbedrf 
is also equal to that of the figure X ; and the figure AJbedrfva the 
one required. 



PART III. 



Partition of figures by drawing. 

Problem XXXIV. To divide a triangle from one of 
the vertices into a given number of parts. 

Solution. Let ABC be the given triangle, which is 
to be divided, say, into six equal parts ; let A be the ver- 
tex, from which the lines of division are to be drawn. 

1. Divide the side BC, 
opposite the vertex A, into 
six equal parts, BD, DE, 
EF, FG, GH, HC. 

2. From A to the points 
ofdivision,D,E, F,G,H, 
draw the lines AD, AE, 




B D £vij^ a H a 



AF, AG, AH ; the triangle ABC is divided into the six 
equal triangles, ABD, ADE, AEF, AFG, A^H, AHC. 
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0Bifloir* The Manglet AB]>, AUE, AEF» AFG, AQH, AHC, 
aw, in sffea, eqval to ooe anoter, beeause they kare equal bases 
and tbe Bame heigM, Am (page 89). 

Remark, 'If it ia feq«lred to diride the triangle ABC according 
to a given proportion, it will only be necessary to divide the line 
BC in this proporti<m, and from A to draw lines to the points of di- 
vision. 

Problem XXXV. From a given point in one of the 
sides of a triangle^ to divide it into a given number of 
epud parts. 

Solution. Let ABC be 
the given triangle, which is 
to be divided into eight equal 
parts ; the lines of division 
are to be drawn from T. 

1. Make Aa and Bb equal 
to j- of AB, and from T draw 
the line TC to the vertex, C, 
of the triangle. 

3. From a and b draw the 
lines aD, 6K, parallel to TC, meeting the sides AC, BC, 
in D and K. 

3. Upon AC, from A towards C, measure off the dis- 
tance AD as many times as possible (in this case four 
times) ; and thus determine the points E, F, G; upon 
BC, in the direction from B towards C, also measure off 
the distance BK, as many times as is possible (here three 
times), and determine the points I, H. 

4. From T draw the lines TD, TE, TF, TG, TH, 
TI. TK ; then ATD, DTE, ETF, FTG, GTHC, HTl[ 
ITK, KTB, are the eight equal partsof the triangle ABC. 
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Demon. Draw Ca; then the triangle AaC is ^ of the triangle 
ABC ; because, if AB is taken for the base of the triangle ABC, the 
base Aa of the triangle AaC is, by construction, ) of the base of 
the triangle ABC (see page 171). Now, the triangle aDC is equal 
to the triangle aDT ; because these two triangles aio upon the 
same base, aV, and between the same parallels, aD, TC ; therefore 
(by adding to each of them the triangle aAD) the two triangles 
ADT and aAC are also equal ; that is, ADT is also ^ of the trian^ 
gle ABC. In the same manner (by drawing the line bC) it may 
be proved that the triangle BKT is also ^ of the triangle ABC. 
Further, the triangles ATD, DTE, ETF, FTG, are, by construc- 
tion, all equal to one another, having equal bases and heights (see 
the demonstration to the last problem) ; and for the same reason are 
the triangles BTK,.KTI, ITH equal to one another ; therefore each 
of the seven triangles ATD, DTE, ETF, FTG, BTK, KTI, ITH, is 
I of the triangle ABC ; consequently the quadrilateral GTHC 
must be the remaining one eighth of the triangle ABC ; and the 
area of the triangle ABC is divided into eight equal parts. 

Problem XXXVI. To divide a triangle, from a 
given point within it, into a given number of equal parts. 
[This problem is intended for elder pupils.] 




M^ 



E 



P -Jl 




Solution. Let ABC be the given triangle, which is 
to be divided, say, into five equal parts ; T the point 
from which the lines of division are to be drawn. 

1. Through the point T and the vertex A of the trian- 
gle, draw the line AT. 

15* 
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2. Take any side of the triangle, say BC, and make, 
when, as here, the triangle is to be divided into five equal 
parts, BE and GF equal to -^ of BC, and draw the lines 
£e, F/*, parallel to the sides AB, AC ; these lines will 
meet the line AT in the points e and /I 

3. From T draw the lines TB, TC, to the vertices B 
and C of the triangle ABC, and from e and/*, the lines 

el, JO parallel to TB, TC. 

4. Join TI, TG ; then each of the triangles ATI, 
ATG, is ^ of the give^i triangle ABC. 

6. In order to determine the other points of division, 
it is only necessary to cut off from the sides AB, AC, as 
many distances, equal to AI, AG, respectively, as is possible 
(see the solution of the last problem), and in the case where 
this can no longer be efiected, or in which) a»in the figure, 
this is impossible, proceed in the following manner : 

a. Extend the two sides AB, AC, and then make IM 
equal to AI, and GN equal to AG. 

6. From M and N draw the lines, M'H, NP, parallel to 
BT and CT, and determine thereby the points H and P. 

6. Draw TH, TP ; each of the quadrilaterals IBHT, 
GCPT, is -J of the triangle ABC ; ccmsequently the trian- 
gle HTP is the remaining fifth of it. (If HTB were not 
the last part, then it would merely be necessary to divide 
this triangle by the rule given in problem' XXXIV, into 
as many equal parts as necessary.) 



Demon. Draw the auxiliary lines A£, Be / then the triangle 
ABE is one fifth of the triangle ABC ; hecause BE is one fifth of 
the hasifl BC (prohlem XXXIV) ; further, the triangle ABE is 
equal to the triangle ABe; because these two triangles are upon 
the saine basis, AB, and, by construction 2, between the same paral- 
lels, AB, Ee ; and the last triangle, ABe, is also equal to the triangle 
ATI ; because the triangle ABe consists of the two triangles Ale 
and leB, which are equal to the two triangles Ale and ITe (the 
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two triangles IT6 and leB being upon the same base, le, and, by 
construction 3, between tile same parallels, le, BT) ; therefore the 
triangle AIT is also one fifth of the triangle ABC ; and in the same 
manner it can be proved that ATG is one fifth of the triangle 
ABC. 

Further, the triangle GNT is equal to the triangle A6T (the 
basis GN. being made equal to the basis AG, and the vertical point 
T being common to both triangles) ; and the triangle GNT is equal 
to the quadrilateral CGTP ; because the triangle CTN is equal to 
the triangle CTP (these two triangles being, by construction, upon 
the same base, TC, and between the same parallels, TC, PN) ; there- 
fore the area of the quadrilateral CGTP is also one fifth of the tri- 
angle ABC ; and in the same manner it may be proved that the 
area of the quadrilateral IBHT is one fifth of the triangle ABC ; 
and as the two triangles AGT, AIT, together with the two quad- 
rilaterals CGTP, IBHT, make four fifths of the triangle ABC, the 
triangle HPT must be the remaining one fifth of it. 

Problem XXXVII. To divide a given triangle into 
a given number of equal parts, and in such a way, thai 
the Unes of division shall be parallel to a given side of the 
triangle, 

d 



Solution. Let ABC be the given triangle ; let the 
number of the parts, into which it is required to be di- 
vided, be five, and BC the side to which the lines of 
division are to be parallel. 

1. Upon one of the other two sides, say AC, describe 
a semicircle, and divide the side AC into as many equal 
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parts as the triangle is to be divided into ; consequently, 
in the present case, into five ; the points of division are 
D, E, F, G. 

2. From these points of division draw the perpendicu- 
lars Dd, £e, F/*, G^, meeting the semicircle in the points 
^, c,/, g. 

3. From A draw Ad, Ae, Af, Ag ; then make Am 
equal to Ad, An equal to Ae, and so on, and by these 
means determine the points m, n, o, p, 

4. From these points draw the lines mM, nN, oO, pV, 
parallel to the side BC ; then AMm, MmNn, NnOo, 
OoPp, PpBC are the live equal parts of the triangle ABC, 
which were sought. 

Demox. Imagine the line dC drawn ; the triangle AdC, in- 
scribed in the semicircle, is right-angled in d; consequently we 
have the proportion 

AD: Ad = Ad: AC; 
and as, in every geometrical proportion, the product of the mean 
terms is equal to that of the extremes, 

AdX Ad= ADXAC; 
consequently, also. 

Am X Am = AD X AC 
(because Am is made equal to Ad). 

Further, the triangles A Mm, ABC, are similar, because the line 
Mm is drawn parallel to the side BC in the triangle ABC (Query 
16, Sect. II.) ; and as the areas of similar triangles are to each 
other as the areas of the squares upon the corresponding sides 
(Query 8, page 97), we have the proportion 

triangle ABC : triangle AMm = AC X AC : Am X Am ; 
therefore, also, 

triangle ABC : triangle AMm1= AC X AC : AC X AD 
(because Am X Am is equal to AC X AD). 
The last proportion expresses, that the area of the triangle ABC is 
as many times greater than the area of the triangle AMm, as AC 
times the side AC itself is greater than AC times the side AD ; or, 
which is the same, as AC is greater than AD (Prin. 7th of Geom. 
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Prop, page 63). But the side AD is, by construction, one fifth of 
AC ; therefore the area of the triangle AMmis also one fifth of the 
area of the triangle ABC. In like manner it may be proved, that 
the triangle ANn is two fifths of the triangle ABC ; the triangle 
AOo three fifths, and the triangle APp four fifths of it, from which 
the rest follows of course. 

Memark. If the triangle ABC is not to be divided into equal 
parts, but according to a given proportion, it will merely be neces- 
sary, as may be readily seen from the above, to divide the line AC 
according to this proportion, and then proceed as has been already 
shown. 

Problem XXXVIII. To divide a paraUdogrcan into 
a given number of equal parts, and in such a way, that 
the Hnes of division may he parallel to two opposite sides 
of the paraSelogram, 

Solution. Let ABCD B e £ ff h 

be the given parallelogram ; 
let the number of parts be 
six : and let AB, CD^ be the 
sides, to which the lines of A EF GJSI JO 
division shall be parallel. 

Divide one of the two other sides, say AD, into ox 
equal parts, in E, F, 6, H, I, and from these points draw 
the lines Ee, Yf Gg, Hh, Ii, parallel to the sides AB, 
CD ; then the division is done. 

Remark. If it is required to divide the parallelogram according 
to a given proportion, it will merely be necessary, instead of divid- 
ing the line AD into equal parts, to divide it according to the given 
proportion, and then proceed as before. 

Problem XXXIX. To divide a parallelogram, (zc^ 
cording to a given proportion, by a line which shaU he 
parallel to a line given in position. 
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'Solution. Let ABGD be the parallelogram to be 
divided. 

1. Divide one of its sides, say AD, according to the 
given proportion ; let the point of division be in z. 

2. Make zE equal to the distance Az, and draw BE. 
Now, if the line BE has the required position, the tri- 
angle ABE and the quadrilateral BODE are the parts 
sought. 

3. But if the line of division is required to be parallel 
to the line xy, bisect the line BE in t, and through this 
point draw the line GH parallel to z^; then the two 
quadrilaterals ABHG, HCDG, will be the required parts. 

Demon. Draw £K parallel to AB. Then the two parallel- 
ograms ABEK, ABCD, having the same height, their areas are 
in proportion to their bases, AE, AD (see page 88, 7th) ; that is, 
we have 

parallel. ABEK : parallel. ABCD = AE : AD ; 
therefore 

li of parallel. ABEK : parallel. ABCD = j^ of AE : AD ; 

and because the triangle AEB is equal to half the parallelogram 

ABEK, and half of AE is, by construction, equal to Az, we have 

triangle AEB : parallel. ABCD = Az : AD. 

This last proportion expresses that the area of the parallelogram 
ABCD is as many times greater than the area of the triangle 
ABE, as the line AD is greater than Az ; consequently if BE has 
the required position, the triangle ABE is one of the required 
parts, and therefore the trapezoid BE DC the other. 

Further, the line BE is (by construction 3) bisected ; the an- 
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gles u and n are opposite angles at the veiiey, and w and s 
are alternate angles (page 81, 2d); therefore the triangle BtH, 
having the side Bt, and the two adjacent angles, to and ti, equal 
to the side fE, and the two adjacent angles, n and $, in the 
triangle G^£, these two triangles are equal to one another ; conse- 
quently the area of the trapezoid ABGH (composed of the quadri- 
lateral ABGf, and the triangle B^H) is equal to the area of the 
triangle ABE (composed of the same quadrilateral ABGf and 
the equal triangle GfE), which proves the correctness of con- 
struction 3. 

Problem XL. To divide a trapezoid into a given 
number of equal parts, so that the lines of division may 
he parallel to the parallel sides of that trapezoid, 

[This problem may be omitted by the younger pupils.] 




Solution. Let ABCD be the given trapezoid which 
is to be divided into three equal parts. 

1. Upon AB, the greater of the two parallel sides, de- 
scribe a semicircle ; draw DE parallel to CB ; and from 
B, with the radius BE, describe the arc of a circle, EF, 
catting the semicircle in F. 

3. From F draw FG perpendicular to AB, and divide 
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the part AG of the line AB, into three equal parta 
in K and I ; from these points draw the perpendiculars 
K;;:, It. 

3. Upon AB, from B towards A, take the distances 
Bm, Bn, equal to Bk, Bt ; from the points m and n, draw 
the lines x»0, nM, parallel to BC ; and from the points 
O, M) in which these parallels meet the side AD, the 
lines MN, OP, paraUel to AB ; then ABNM, MNPO, 
OPCD, are the three required parts of the trapezoid 
ABCD 

Dbmon. Extend the lines AD, BC, until they meet hi Z. Then 
the triangles DCZ, OPZ, MNZ, AfiZ, are all amilar to eadi other 
(page 70) ; farther, we have (by construction 8) 

DC equal to BE and to BF, 

OP " « Bm « « BA, 

MN " " Bn « «* Bi. 

The areas of the two similar triangles OPZ, CDZ, are in the ratio 

of the squares upon the corresponding sides; that is, we have the 

proportion 

triangle OPZ : triangle DCZ == OP X OP : CD X CD ; 
and since OP is equal to Bk, and CD to BF, also 

triangle OPZ : triangle DCZ = BIc X Bft : BF X BF. 
Imagine AF and FB joined ; the triangle AFB would be right- 
angled in F, and we should have the proportion 

BG:BF=rBF: AB; 
and for the same reason we have 

BK:BA;=:BA;: AB. 
Taking the product of the mean and extreme terms of the two 
last proportions, we have 

BG X AB equal to BF X BF, and 
BK X AB « " Bk X B* 
Let us now take our first proportion, 

triangle OPZ : triangle DCZ = BAc X BA; : BF X BF ; 
and let us write BO X AB, instead of BF x BF (its equal), and 
BK X AB, instead of B/c X BA;, and we idiall have 

triangle OPZ : triangle DCZ » AB X BK : AB X BG, 
whence 

triangle OPZ : triangle DCZ = BK : BG ; 
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consequently, also, 

triangle OPZ — triangle DCZ : triangle DCZ a BK — BO : QB ; 
(Principle 6th of Gleom. Prop, page 62) ; which Is read thus : 
triAOgle OPZ, lesi th» triangle DCZ, lilo Oe trianf^ DCZ, 
a« the Eoe BK, lew die line BG-, it to the line BG; 
' that is, trapezoid DOPC : triangle DCZ« QK : BC^; 
and as GK is (by constniction 2) equal to | of AG, 

trapezoid DOPC : triangle DCZ ss| AG : BG. 
In like manner it may be proved that 

trapezoid DMNC : triangle DCZss} AG : BG and 
trapezoid DABC : triangle DCZ=« AG : BG. 
These propor^ons express that the thoee trapcizoids DOPC, 
DMNC, DABC, are to each other in the same proportion as one 
third is to two thirds to three thirds ; or, which is the same, as on^ 
is to two, to three; whence the rest of the demonstration follows 
of course. 

Remark. If it is reqjLiired to divide the trapezoid ABCD not 
into equal parts, but according to a given proportion, it will only 
be necessary to divide the line AG in this proportion, and then 
proceed as befiwe. 

Problem XLI. lb divide a given Jigure into two 
parts according to a given proportion^ and in such a way, 
that one of the parts may he similar to the whole figure* 




A Z t 



Solution. Let ABODE be the given figure. 
1. Divide one Bids of the figare, say AB, according to 
the given proportion ; let the point of division be Z. 
S. Upon AB, as a diameter, describe a semicircle, and 
16 
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from Z draw the perpendicular ZM , meeting the semi- 
circle in M. 

3. Make A5 = AM, and upon Ab describe a figure, 
Abcde, which is similar to the given oi|e, ABODE (see 
Problem XXXIII) ; the line bcde divides the figure in 
the manner required. 

Demok. The areas of the two simOar figures Abcde, ABCDE, 
are to each other, as the squares upon their corresponding sides 
(page 98) ; therefore we have the proportion 

ABODE : A&e(2e= AB X AB : A& X A5. 
Draw AM and BM ; then AM is a mean proportional between 
AZ and AB ; that is, we have 

AZ:AM=rAM:AB; 
and as A& is, by construction, equal to AM, 

AZ: A&=:A&: AB; 
consequentiy the product A5 X A& is equal to AZ X AB. 

Writing AZ X AB, instead of Ab X A& (its equal), in the first 
proportion, we have 

ABCDE : A&cd€ = AB X AB : AB X AZ. 
Hence ABCDE : Ahede 8 AB : AZ ; and therefore 

ABCDE — Abede : Abede ^r AB — AZ : AZ ; 
which is read thus: 

ABCDE^ less Abede, is to Abede as AB, leas AZ» is to AZ ; 
that is, 

BCDEedcb is to Abede as ZB is to AZ ; 
consequentiy the figure ABCDE is divided according to the given 
proportion in which the line AB is divided. 



PART IV. 

Consirudian of triangles. 

Problem XLII. The three sides of a triangle being 
giveUf to construct the triangle. 
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Solution. Let AB, AC, 
BC, be the three given sides 
of the triangle. 

1. Take any side, say 
AB, and from A as a centre, 
with the radius AC, describe 
an arc of a circle. 

2. Prom B, as a centre, with the radius BC, describe 
another arc, cutting the first. 

4. From the point of intersection C, draw the straight 
lines CA, CB ; the triangle ABC is the one required. 

The demonstration follows immediately from Query 4th, Sect. II. 

Problem XLIII. Two sides, and the angle included 
hy them, being given, to construct the triangle. 




B 



Solution. Let AB, AC, be the two given sides, and 
X the angle included by them. 

1. Construct an angle equal to the angle x (Problem 
VI) ; make one of the legs equal to the side AB, and the 
other to the side AC. 

% Join BC ; the triangle ABC is the one required. 

The demonstration follows from Query 1» Sect II. 
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Pboblbm XLIV. One side and die two adJBcmi 
angles being given, to eonstruet the triangk. 




Solution. Let AB be the given side, and x and p 
the two adjacent angles. 

1. At the two extremities of the line AB, construct 
tiie ajigles x and y, and extend their legs, AC, BC, until 
they meet in the point C ; the triangle ABC is the eae 
required. 

The demonitration follows from Query 2, Sect II. 

Problem XLV. Ihoo sides, and the angle opposite to 
the greater of them, being given, to construct the triangle. 

Solution. Let AC, BC (see the figure to Problem 
XLIII) be two given sides, and x the angle, which is 
opposite to the greater of them (the side BC). 

1. Upon an indefinite straight line construct an angle 
equal to the angle x, 

3. Make the leg AC of this angle equal to the smaller 
side AC, and from C as a centre, with the radius OB 
equal to the greater side, describe an arc of a circle, 
cutting the line AB in ike point B. 

3. Join BC ; the triangle ABC is the one required. 

The demonstration follows from Query 10th, Sect. II. 
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Problem XJLVl. The basis of a triatigk, one of the 
a^'acent angles^ qfid the height being given^ to construct 
the triangle, 

c 




Solution. Let AB be the giyejx basis, x one of the 
adjacent angles, and c4 the height. 

1. In any pomt of the ^^e AB, draw, a perpendicular, 
CD, equal to cd; and tl^rpu^ C a line parallel V> AB. 

3. In A make an angl)^ equal to the git^n ^gle z, 
and extend the leg AE uatil it meei^ the Une MO^ 

3. Join EB ; the triangle AEB is the one required. 

The demonstration ia sufficiently eyident from the construction. 

Problem XLVII. The basis, the angle opposite to it^ 
and the heigit of a triangle being given, to construct the 
tridnelc. 




Solution. Let AB be the gi?en baso, « the angle 
o{^>osite to it, and mn the height of the triangle. 

1. Upon the ba^e AB describe a 8egmc^t of a circle 
containing a given angle x (see Problem XYII). 

3. In A draw a perpendicular, AD, equai to the giv<en 
height mm, and through D draw D£ paridlel to AB. 

16 ♦ 
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' 3. From C and E, where this parallel cuts the segment, 
draw the straight lines CA, CB, EA, BE ; either of the 
two triangles ACB, AEB, will be the one required. 

The demonstration follows irom the construction. 

Problem XLVIII. The basis of a triangle, the angle 
opposite to it, and the ratio of the two other sides being 
given, to construct the triangle. 




T 777 



77. 



Solution. Let AB be the given basis, x the angle 
opposite to it ; and let the two remaining sides bear to 
each other the same ratio which exists between the two 
lines mn and rq. 

1. Upon AB describe a segment of a circle capable 
of the given angle x (see Problem XVII). 

2. In B make an angle, ABE, equal to the angle x ; 
make BE equal to the line rq, BD equal to mn, and join 
DE. 

3. From A draw the line AC parallel to DE, and from 
the point C, where it meets the segment, draw the line 
CB ; the triangle ABC is the one required. 

Demgit. The triangle ABC is similar to the triangle DBE ; 
because the two angles CAB and ACB, in the one, are equal to the 
two angles BDE, DBE, in the other, each to each* (page 78, 1st) ; 
therefore we have the proportion 

* CAB and EDB being alternate angles, and each of the angles, 
ACB, DBE, being made equal to the given angle x. 
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AC : BC = BE : BD, 

which expresses that the two sides, AC, BC^ of the triangle are in 
the same ratio as the sides BE, BD, of the triangle DEB ; conse- 
quently they are also as the lines rq, mn ; hecause BE and BD 
are, hy construction, equal to mn, rq. The rest o( the demonstra- 
tion is evident from the construction. 



Problem XLIX. ITie basis of a triangle, the angle 
opposite to it, and the square, which, in area, is equal to 
the rectangle of the two remaining sides, being given, to 
construct the triangle,* 

[Let the younger pupils omit this problem.} 




Solution. Let AB be the given base, x the angle 
opposite to it, and ad the side of the square, equal to the 
rectangle of the two remaining sides. 

1. Upon AB construct the segment, AKHB, of a cir- 
cle, capable of the given angle x. 

% Extend AB towards D, and in A draw the perpen- 
dicular AF. 

3. Make AC equal to the radius AO, AD to the side 
ad of the given square, and AE to half of AD ; join EC, 
and from D draw DF parallel to EC. 

4. Through the point F, where this parallel meets the 
perpendicular, draw FH parallel to AB ; and from the 
points K and H, where this meets the segment, the lines 



* By the rectangle of the two remaining sides is meant a rectan- 
gle, whose base is one of these sides, and whose height is the other. 
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AK, KB, AH, HB; then either of the two triangles AKB, 
AHB, is the one required. 

DiEMozr. Draw the diameter AL9 and from either of the pointa 
K, H, say H, let fall the perpendicular HM upon AB. The trian- 
gle A^H is similar to the triangle MBH ; for the triangle ALH 
being inscribed in a semicircle, each of these triangles is right- 
angled, and the two angles ALH, ABH, are equal ; because both 
of them measure half as many degrees as the arc AKH (page 111, 
1st) ; therefore the remaining angles, HAL and MHB, are also 
equal (page 73, Ist) ; and the corresponding sides of the two bian* 
gles ALH, MBH, are in the geometrical peopoitioQ 

AH:AL:5»HM:;HB; 
consequently we have 

ALXHM=AHXHB. 

This proportion expresses, that the area of the rectangle, which 

has for its base the diameter AL, and its height equal to the height 

HM of the right-angled triangle AHB, is equal to the area of the 

rectangle, which has ttud side AH for its base, a|)id the side HB 

for its height.* Further, it is easy to perceive that, from the similar 

triangles ACE, ADF, we have the proportion 

AD: Ar = AC : AE; 

consefuwktfy, also, 

AD:AF = 2AC:2AE, 

therefore, 

2AC X AF=s 2AE X AD ; or 

diam. AL X AF = adx o^> 

(because AC is equal to the radius Ajo of the circle, and AE is half 
of AD, and AD is equal to ad). 

From this proportion it follows, that the area of the square upon 
adi is equal to that of the rectangle of AL by AF, or MH its equal 
(see the figure) ; and as the rectangle AH by Hfi is equal to tiiat 
of AL by HM, as we have proved above, it mus^ .aisA be .equa^ to 
the square upon ad. The same may be proved of the rectangle of 
the two aides AK, KB, of the triangle AKB. 

The rest of the demonstration is sufficiently evident from the 
construction. 

* For the area of a rectangle- is found by multiplying the base by 
the hmght 
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APPENDIX. 

Containing Exercises for the Slate. 

m 

1. The side of a square being 12 feet, what is its area ? 

2. What, if the side is 12 rods, miles, &c.? 

'3. What IB the side of a square, Whose area is one 
square foot? 

4. What, that of u square, w'hose area is one square 
yard, rod, mile, d&c. ? 

5. What, that of a square of 4, 9, 16, "25, S6, 49, 64, 
81, 100 sqare feet ? 

6. What is the area of a rectangle, whose base is 90 
feet 3 inches, and wiiose iieig!it 10 feet 4 inches ? 

7. What, that of a rectangle, whose base is 40 feet 3 
inches, and whose height is 12^ feet? 

8. If the area of a rectangle is 240 square feet 19 
square inclies, and its basis measures 30 feet, what is its 
height? 

9. What is the basis of a rectangle, wbose lieight is 
10 feet, and whose areq. is 40 square feet ? 

10. What is the area of a rectangle, whose basis is 4 
feet, and whose height is 3 inches ? 

11. What is the area of a parallelogram of 10 feet 
basis, and 3 feet 4 inches high t 

12. The height of a parallelogram is 5 feet, and the 
area 40 square feet : what is its basis ? 

13. The sum of the two parallel sides of a trapezoid is 
12 /eel, and tlie&r .distance 3 feet 4 inches : what is the 
trreti of tlie tmpezoid ? 

14. The area of a trapezoid is 24 square feet, and its 
height is 4 inches, 3 seconds : what is the sum of its bases ? 
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15. What is the difference between a triangle whose 
basis is 10 feet 3 inches, and height 9 feet, and a trian- 
gle of 3 feet basis, and 11 inches height? 

16. What is the difference between a trapezoid, the 
sum of the two parallel sides of which is 14 feet 3 inches, 
and height 9 inches, and a square upon 9 inches ? 

17. What is the sum of the areas of a triangle of 3 feet 
basis, and 9 inches height; a square upon 14 feet 3 
inches, and a rectangle whose basis is 3 feet 2 inches, 
and height 1 foot 4 inches? . 

18. What is the area of a circle, whose radius is 9 
inches ? 

19. What that of a circle, whose radius is 10 feet ? 

20. What that of a circle, whose radius is 9 feet 6 
inches ? 

21. The area of a circle is 240 square feet : what is its 
radius or diameter?* 

22. The radius of a circle is 5 feet 8 inches : what is 
its circumference ? 

23. What is the length of an arc of 14 degrees 29 
minutes 24 seconds, in a circle whose radius is 14 inches ? 

24. What that of an arc of 6 degrees 9 seconds, in a 
circle whose radius is 1 foot ? 

25. What that of an arc of 9 seconds, in a circle whose 
radius is 1 mile ? 

26. What is the area of a sector of 15 degrees, in a 
circle whose radius is 3 feet ? 

27. What that of a sector of 19 degrees 45 minutes, in 
a circle whose radius is 1 feot 3 inches ? 

The teacher may now vary and multiply these questions. 

* Divide the area by n (see the note to page 182), and extract 
the square root of the quotient, the answer is the radius of the 
circle. 

END. 
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